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Abstract Food web dynamics are well known to vary with
indirect interactions, classic examples including apparent
competition, intraguild predation, exploitative competition,
and trophic cascades of food chains. Such food web mod-
ules entailing predation and competition have been the focus
of much theory, whereas modules involving mutualism have
received far less attention. We examined an empirically
common food web module involving mutualistic (N2) and
parasitic (N3) consumers exploiting a resource of a basal
mutualist (N1), as illustrated by plants, pollinators, and
nectar robbers. This mutualism–parasitism food web mod-
ule is structurally similar to exploitative competition,
suggesting that the module of two consumers exploiting a
resource is unstable. Rather than parasitic consumers
destabilizing the module through (−,−) indirect interactions,
two mechanisms associated with the mutualism can actually
enhance the persistence of the module. First, the positive
feedback of mutualism favors coexistence in stable limit
cycles, whereby (+,−) indirect interactions emerge in which
increases in N2 have positive effects on N3 and increases in
N3 have negative effects on N2. This (+,−) indirect interaction

arising from the saturating positive feedback of mutualism has
broad feasibility across many types of food web modules
entailing mutualism. Second, optimization of resource exploi-
tation by the mutualistic consumer can lead to persistence of
the food web module in a stable equilibrium. The mutualism–
parasitism food web module is a basic unit of food webs in
which mutualism favors its persistence simply through
density-dependent population dynamics, rather than parasit-
ism destabilizing the module.
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Introduction

Our knowledge of the structure and dynamics of food webs
has progressed by building up from pairwise interactions
and food web modules to whole food webs and through
analyses of community matrices of large ecological net-
works of interacting species (May 1974; Pimm 1982; Polis
and Winemiller 1996; Allesina and Pascual 2008; Kondoh
2008; McCann 2012). Studies of food web modules com-
mon among communities have revealed the importance of
both direct and indirect interactions in food webs (Paine
1980; Wootton 1994; Menge 1995; Werner and Peacor
2003; Peacor and Werner 2004; Kondoh 2008; McCann
2012). Classic indirect interactions in food web modules
include apparent competition (Fig. 1a), trophic cascades in
food chains (Fig. 1b), exploitative competition (Fig. 1c), and
intraguild predation (Hairston et al. 1960; Holt 1977; Leon
and Tumpson 1975; Hsu et al. 1978; Oksanen et al. 1981;
Tilman 1982; Holt et al. 1994; Holt and Polis 1997).
Compared with food web modules entailing predation and
competition, the dynamics of food webs entailing mutualism
are less well known. Indirect mutualisms are known to occur
in food webs of competitive and predator–prey interactions
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(Levine 1976; Vandermeer 1980; Stone and Roberts 1991;
Kawanabe et al. 1993; Holland and DeAngelis 2010;
Crowley and Cox 2011). Yet, direct mutualistic interactions
have been mostly left out of food web studies due to diffi-
cultly integrating them into the consumer–resource network
of food webs. Mutualism is now recognized as a consumer–
resource interaction, aiding their inclusion in food webs
alongside of predation and competition (Holland and
DeAngelis 2009, 2010; Lee and Inouye 2010).

An empirically common subsystem of food webs involv-
ing mutualism is the mutualism–parasitism food web
module in which both mutualistic (N2) and parasitic (N3)
consumers exploit resources supplied by a basal mutualist
(N1), resulting in indirect interactions between the two con-
sumers (Fig. 1d). We do not distinguish parasitic consumers
as “exploiters,” as both of the two consumers are exploiters
of the basal mutualist. Examples of parasitic consumers that
coexist in such food web modules are rhizobial bacteria
exploiting plant photosynthates without fixing nitrogen; ants
exploiting extrafloral nectar without defending plants
against herbivores; and animals exploiting floral nectar
without pollinating flowers (Bronstein 2001; Yu 2001).
Consider plant (N1), pollinator (N2), and nectar robber (N3)
interactions (Fig. 1d). Mutualistic pollinators consume floral
nectar supplied by plants, depicted by a solid arrowed line
pointing from N1 to N2. Floral nectar attracts animals for the
non-trophic service of pollination, shown by a dotted
arrowed line pointing from N2 to N1, which has a positive
effect on the basal resource-supplying plant species.
Parasitic nectar robbers exploit floral nectar, depicted by a
solid arrowed line pointing from N1 to N3. Nectar robbers do
not pollinate, thus no N3 to N1 dotted line. Indirect interac-
tions between N2 and N3 are shown by a dashed line with a
double-sided arrow.

The plant–pollinator–nectar robber system is an example
of a general class of mutualism–parasitism food web
modules similar to exploitative competition in that two
consumers (N2,N3) exploit a resource (N1). Classic theory
for exploitative competition predicts that two consumers
cannot coexist on a shared resource if both consumers have
identical prey-dependent functional responses and density-
independent mortality (Leon and Tumpson 1975; Hsu et al.
1978; Tilman 1982). The consumer persisting at lower re-
source levels competitively excludes the other (the R* rule).
This basic result suggests that the mutualism–parasitism food
web module is unstable, as mutualistic and parasitic
consumers share a resource of the basal mutualist. Yet,
mutualism–parasitism food web modules are common in
nature (Genini et al. 2010), so it is important to understand
mechanisms favoring its persistence.

Much attention has been given to the evolution of mutu-
alisms and their mechanisms of retaliation against the effects
of parasitic species (or cheater genotypes) (Axelrod and
Hamilton 1981; Bull and Rice 1991; Bronstein 2001; Law
et al. 2001; Yu 2001; Ferriere et al. 2002; Foster and Kokko
2006; Jones et al. 2009). Indeed, parasitic species are
thought to exclude mutualistic ones, as it is assumed
(though not empirically quantified) that the former does
not have costs of the latter in reciprocating in the mutualism
(Axelrod and Hamilton 1981; Bull and Rice 1991; Doebeli
and Knowlton 1998). Here, we develop an ecological theory
for the persistence of the mutualism–parasitism food web
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Fig. 1 Food web modules of indirect interactions characterized as a
apparent competition, b food chain trophic cascade, c exploitative
competition, and d (+,−) indirect interactions. N1, N2, and N3 are
species densities. Solid lines show direct interactions between consum-
er and resource species; arrows point from the resource to consumer
species. Dashed lines with double-sided arrows show indirect interac-
tions between N2 and N3 mediated by N1. In a, N1 is a predator
exploiting two prey species, N2 and N3. In b, N3 is a predator, N2 is a
herbivore, and N1 is the basal species. In c, N2 and N3 are consumers
exploiting a shared resource, N1. In d, N2 and N3 are mutualistic and
parasitic consumers exploiting a basal mutualistic species, N1. The
dotted arrow in d depicts a non-trophic mutualistic service, pointing
from the mutualistic consumer providing the service (N2) to the basal,
resource mutualist receiving the service (N1)
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module based on density-dependent population dynamics,
rather than evolutionary mechanisms mutualists may use for
retaliation against parasitic consumers. We first show that,
even if both the mutualistic and parasitic consumers are
complete competitors in having identical Michaelis–Menten
(MM) functional responses (equivalent to a Holling Type II
[HT2]), the positive feedback of mutualism can promote
fluctuation-dependent persistence of the three species in stable
limit cycles. We then examine optimization of resource ex-
ploitation by the mutualistic consumer, such as a pollinator,
which can lead to a Beddington–DeAngelis (BD) rather than
MM functional response (Beddington 1975; DeAngelis et al.
1975). The BD response allows for non-oscillating coexis-
tence of parasitic and mutualistic consumers, a phenomenon
amplified by the positive feedback of mutualism on the basal
resource species. Overall, we report new community dynam-
ics that arise from incorporating mutualism into food web
modules, namely, the emergence of (+,−) indirect interactions
between two consumers exploiting a shared resource. Rather
than parasitic consumers destabilizing the module, aspects of
mutualism enhance the persistence of the food web module,
rather than parasitic consumers destabilizing it.

Model formulations

We examine the dynamics of the mutualism–parasitism food
web module, as exemplified by plant (N1), pollinator (N2),
and nectar robber (N3) interactions. Any particular formula-
tion of the mutualism–parasitism food web module is dis-
tinct from exploitative competition and other well-known
food web modules. We first consider the following model,
which is similar to the Rosenzweig–MacArthur model of
consumer–resource interactions for two consumers and one
resource, except that the (N1,N2)-mutualism leads to an
additional positive-feedback term in the equation of the
basal mutualist, N1:

dN1

dt
¼ r1N1 þ c1

a12N1N2

h1 þ N2

� �
� q1

b1N1N2

e1 þ N1

� �

� q2
b2N1N3

e2 þ N1

� �
� d1N

2
1 ð1Þ

dN2

dt
¼ c2

a21N1N2

e1 þ N1

� �
� d2N2 ð2Þ

dN3

dt
¼ c3

a31N1N3

e2 þ N1

� �
� d3N3 ð3Þ

Here, Ni is population density of species i. The first term
in Eq. 1, r1N1, is the population growth of the basal species

independent of species interactions. We assume r1>0, as
population growth of basal species are often positive in the
absence of their consumers, such as population growth of
plants in the absence of their pollinators due to selfing or
vegetative reproduction. The last term in each of Eqs. 1, 2,
and 3 describes mortality of species i, where di is the
mortality rate of Ni, diNi

2 is the density-dependent self-
limitation, and diNi is the density-independent mortality.

The second term in Eq. 1 is an MM functional response
representing the positive feedback on N1’s population
growth due to mutualistic interactions with N2. The MM
function saturates with the density of the mutualistic con-
sumer (N2) with a half-saturation coefficient of h1. The
interaction strength of the functional response, αij, is the
per-capita effect of species j on species i. The third and
fourth terms of Eq. 1 decrease N1’s population growth due
to its supply of resources and consumption by N2 and N3,
respectively. The third and fourth MM functions of Eq. 1
represent losses of N1 through exploitation, βi is the magni-
tude of the negative effects of resource supply and consump-
tion, and ei is the half-saturation constant. In Eqs. 2 and 3,
the population growth of N2 and N3 depends on resource
supply by N1. Consumption by the mutualistic and parasitic
consumers saturates with resource density (N1) according to
an MM function, where αij is the interaction strength and ei
is the half-saturation constant. We make the simplest as-
sumption that decreases in N1’s growth due to resource
supply are a function of N1, though it is feasible in other
specific cases for consumers to alter resource supply in
ratio-dependent forms (Abrams and Ginzburg 2000).
Coefficients ci and qi convert functional responses and re-
source supply functions to numerical responses. For sim-
plicity, we set them equal to unity without loss of generality.
Consequently, the αij parameters represent both the mutual-
istic effect on a species (of nectar or pollination) and its
conversion to the numerical biomass of the species. In this
model formulation, the mutualistic and parasitic consumers
have identical prey-dependent MM functional responses,
which are predicted to lead to instability based on theory
of exploitative competition (Leon and Tumpson 1975; Hsu
et al. 1978; Tilman 1982). Thus, the model formulation of
Eqs. 1, 2, and 3 allows us to examine the role of mutualism in
the dynamics of the foodwebmodule given its only difference
with exploitative competition is the additional term for mutu-
alism’s positive feedback on the basal mutualist.

In contrast with the previous model formulation in which
both consumers are described by MM functions, certain
mutualistic interactions differ from the usual MM functional
response. In accord, we consider a model formulation in
which the mutualistic and parasitic consumers are charac-
terized by different forms of functional responses. For ex-
ample, some pollinators increase their foraging efficiency by
avoiding previously visited flowers through behavioral cues
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such as pheromones, scent marks, changes in attractive
floral aromatics, trap-lining, and so on, whereas parasitic
nectar robbers exploit flowers whether they were visited by
pollinators or nectar robbers (Irwin et al. 2010). Fishman
and Hadany (2010) analyzed flower avoidance behaviors,
showing that pollinators increase their foraging efficiency
by avoiding previously exploited resources, resulting in a
functional response approximated by a BD rather than an
MM function (Appendix 1).

We examined a model formulation that incorporates dif-
ferences in the forms of the functional responses of N2 and
N3. Equations 4, 5, and 6 describe the case of (N1,N2)-
mutualism with BD functions and (N1,N3)-parasitism with
MM functions:

dN1

dt
¼ r1N1 þ c1

a12N1N2

1þ aN1 þ bN2

� �
� q1

b1N1N2

e1 þ N1

� �

� q2
b2N1N3

e2 þ N1

� �
� d1N

2
1

ð4Þ

dN2

dt
¼ c2

a21N1N2

1þ aN1 þ bN2

� �
� d2N2 ð5Þ

dN3

dt
¼ c3

a31N1N3

e2 þ N1

� �
� d3N3 ð6Þ

As with the MM formulation, coefficients ci and qi con-
vert functional responses and resource supply functions to
numerical responses. For simplicity, we set them equal to
unity without loss of generality. The careful derivation of a
BD function by Fishman and Hadany (2010) for a plant–
pollinator mutualism motivated its use here for the (N1,N2)-
mutualism. In the BD function, 1/a is the half-saturation
constant in its equivalent MM form and bN2 describes the
effect of consumer density on the functional response and b
sets the magnitude of this effect. If b=0, then BD reduces to
an HT2 response, an equivalent expression to MM. The key
aspect of the BD is that mutualistic consumers have high
resource exploitation efficiencies at low densities, but
low resource exploitation efficiencies at high densities
(Appendix 1). As a result, some resources of N1 remain
unexploited by N2, even at high N2 density. The BD function
is not restricted to plant–pollinator systems as analyzed by
Fishman and Hadany (2010), but can occur more generally
when consumer interference exists among individuals
(Skalski and Gilliam 2001; Katrina et al. 2009). BD arises
from indirect interference between mutualistic consumers,
as the time spent directly exploiting resources (e.g., flowers)
is small. Parasitic consumers (e.g., nectar robbers) do not
have a bNi term, as they exploit resources that have previ-
ously been exploited by pollinators and parasitic consumers

(Irwin et al. 2010). Parasitic consumers are thus less effi-
cient foragers than mutualistic consumers at low mutualist
densities, as parasitic consumers exploit low-quality re-
sources as readily as high-quality resources, while mutual-
istic consumers only exploit high-quality (unexploited)
resources. On the other hand, resource exploitation by par-
asitic consumers can exceed that of mutualistic consumers at
high mutualist densities, as the high rate of low-quality
resource avoidance can reduce mutualist exploitation of re-
sources at high mutualist density.

Model analyses and results

We examine community dynamics of the mutualism–
parasitism food web module through phase-plane analysis,
analytical proofs, and model simulations for sets of Eqs. 1,
2, and 3 and Eqs. 4, 5, and 6. Mathematical proofs are given
in Appendix 2. We first review the population dynamics of
the two consumer–resource subsystems of the food web
module, (N1,N2)-mutualism and (N1,N3)-parasitism. We
then examine the dynamics of the food web module as a
whole, reporting on the stabilization of three-species
coexistence that can occur when both consumers have
MM functions and then when the mutualistic consumer
has BD function.

Pairwise parasitism: (N1,N3)-subsystem of the food web
module

For analyses of the (N1,N3)-parasitism, we dropped all terms
in Eqs. 1 and 3 and Eqs. 4 and 6 that included N2, as they are
not a part of the pairwise parasitism. These equations are
identical for the (N1,N3)-parasitism for both the MM and BD
formulations. Phase-plane analysis of the (N1,N3)-parasitism
of the food web module shows a humped-shaped prey
curve, exhibiting classic Rosenzweig–MacArthur predator–
prey dynamics (Rosenzweig and MacArthur 1963;
Rosenzweig 1969, 1971). As these results are well founded,
we only briefly summarize them in terms of the parasitic
consumer’s exploitation of resources supplied by the basal
mutualist. In sum, the parasitic consumer reduces the den-
sity of the resource-supplying mutualist, but, depending on
interaction strengths of the parasitic consumer’s functional
response (α31), the (N1,N3)-parasitism can lead to a stable
equilibrium or stable limit cycles. If α31 is weak, such that a
large density of N1 is required to sustain the parasitic con-
sumer, a density beyond that of N1’s carrying capacity, then
resources supplied by N1 are not sufficient, leading to the
parasitic consumer’s extinction (Appendix 2). Yet, a stable
equilibrium can occur if α31 is neither too small nor too
large, such that its zero-growth isocline intersects to the
right of the hump of N1’s isocline (Appendix 2). If α31 is
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sufficiently large that its zero-growth isocline shifts to the
left of the hump, then an unstable equilibrium occurs with
stable limit cycles (Appendix 2).

Pairwise mutualism: (N1,N2)-subsystem of the food web
module

For analyses of the (N1,N2)-mutualism, we dropped all terms
in Eqs. 1 and 2 and Eqs. 4 and 5 that have N3, as they are not
a part of the pairwise mutualism. Contrary to the (N1,N3)-
parasitism, Eqs. 1 and 2 and Eqs. 4 and 5 for the (N1,N2)-
mutualism differ between the MM and BD formulations, but
their dynamical properties are largely similar. We report the
dynamics of the (N1,N2)-mutualism for the BD model (Eqs.
4 and 5), as the only difference with the MM formulation is
that N2’s zero-growth isocline is vertical. Phase-plane anal-
ysis of the population dynamics of the (N1,N2)-mutualism
shows three equilibria (Fig. 2). The equilibrium at the ori-
gin, (0,0), is a saddle point, and positive deviations of N1

and N2 move into positive phase-plane space due to the
positive feedback of mutualism. The equilibrium on the N1

axis, (r1/d1, 0), is the carrying capacity of the resource-
supplying mutualist absent of interactions with its mutualis-
tic consumer, N2. This is a saddle point, as any N2>0 leads
the transient dynamics of N1 and N2 to increase in phase-
plane space. No such equilibrium occurs on the N2-axis, as

N2 depends on the resources supplied by N1. Depending on
parameter values, the nontrivial equilibrium is either stable,
in which case the dynamics of N1 and N2 converge to the
equilibrium, or it is an unstable focus, in which the dynam-
ics of N1 and N2 result in stable limit cycles.

MM formulations of the food web module

We now examine the dynamics of the mutualism–parasitism
food web module as a whole, in which identical MM func-
tional responses characterize the mutualistic and parasitic
consumers (Eqs. 1, 2, and 3). This formulation parallels
classic exploitative competition in that two consumers (N2,
N3) exploit a shared resource (N1). Two equilibrium values
occur for N1 based on Eqs. 2 and 3 for the mutualistic and
parasitic consumers, respectively:

N0
1 ¼ e1d2

a21 � d2
and N#

1 ¼
e2d3

a31 � d3
ð7Þ

These equations are inconsistent. As in exploitative com-
petition, one of the two consumers cannot have a non-
oscillating equilibrium (Leon and Tumpson 1975; Hsu et
al. 1978; Tilman 1982). We do not examine this razor-edge
case in which N0

1 ¼ N#
1 , as it is unrealistic with low feasi-

bility in nature. Instead, we test the more biologically real-
istic case in which N 0

1 6¼ N #
1 . Specifically, we allowed the

mutualistic consumer to persist at a lower resource level, R*,
than that of the parasitic consumer, that is N0

1 ¼ N#
1 . Based

on the R* rule and N 0
1 ¼ N #

1 , N2 should competitively ex-
clude N3 through (−,−) indirect interactions. But the mutu-
alism–parasitism food web module differs from exploitative
competition in the second term of Eq. 1 for the positive
feedback of mutualism on the basal resource species. While
a stable equilibrium does not occur, we show that, under
various scenarios of interaction strengths of the mutualistic
and parasitic consumers on the basal resource mutualist, this
positive feedback has key consequences for coexistence
under endogenous (limit cycle) fluctuations.

We first examine food web dynamics for N0
1 ¼ N#

1 for
different interaction strengths of the parasitic consumer’s
functional response (α31) on the basal mutualist. Module
dynamics do vary with α31, including extinction of the
parasitic consumer (Fig. 3a), (N1,N2,N3)-coexistence in sta-
ble limit cycles in which N2>N3 (Fig. 3b), (N1,N2,N3)-co-
existence in stable limit cycles in which N3>N2 (Fig. 3c),
and extinction of the mutualistic consumer (Fig. 3d).
Transient dynamics and stable limit cycles of N1, N2, and
N3 within each of Fig. 3a–d, along with shifts in densities of
N1, N2, and N3 among Fig. 3a–d, exhibit a (+,−) indirect
interaction, whereby increases in N2 have positive indirect
effects on N3 by causing an increase in N1 and increases in
N3 have negative indirect effects on N2 by causing a

Fig. 2 Phase-plane diagram of the population dynamics of interactions
between a resource-supplying mutualist (N1) and a mutualistic con-
sumer providing a non-trophic service (N2), with their respective zero-
growth isoclines labeled as dNi/dt=0. The central, nontrivial equilibri-
um point (P12) labeled with a solid circle can be either a stable node or
an unstable focus. Here, we have plotted the unstable focus, for which
an example trajectory starting with the small filled circle leads to limit
cycles. The two open circles, one at the origin and the other on the
N1-axis, are saddle points which lead to the nontrivial equilibrium.
Note that the y-intercept of the N2 isocline is negative. Parameter
values for this particular solution are r1=1.0, d2=0.7, d1=0.01,α12=2.55,
a=0.35, b=0.2, β1=0.9, β2=4.8, α21=1.9, e1=20, and e2=23.4)
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decrease in N1. The stable limit cycles show periodic oscil-
lations with increases in N2 having positive indirect effects
on N3 through increases in N1 and increases in N3 having
negative indirect effects on N2 through decreases in N1.

The (+,−) indirect interaction facilitates (N1,N2,N3)-coex-
istence, rather than competitive exclusion through (−,−)
indirect interactions. The interaction strength for the positive
feedback on the basal mutualist, α12, plays a key role in
whether or not coexistence occurs. For small values of this
feedback (α12=0.5), the parasitic consumer is excluded by
the mutualistic consumer (Fig. 4a), while for sufficiently
large values, three-species coexistence occurs (Fig. 4b–d).
Such (N1,N2,N3)-dynamics conditional upon α12 are further
exemplified by bifurcation plots (Fig. 5). The three-species
coexistence for larger values of α12 represents an example of
fluctuation-dependent persistence (Chesson 2000) and a case
of relative nonlinearity of competition (Armstrong and
McGehee 1976). The basis for this mechanism is in the growth
rates of N2 and N3 varying with N1, showing that the former
has a higher growth rate for smaller values of N1 and the latter
has a higher growth rate for larger values of N1 (Fig. 6). This
implies, as shown in Fig. 6, that the growth curves for N2 and
N3, a21N1 e1 þ N1ð Þ= �d2 and a31N1 e2 þ N1ð Þ= �d3, respec-
tively, cross for intermediate values of N1. This occurs for the
parameter values in Fig. 4; that is, for small values of N1, the
per capita growth rates for N2 and N3 obey the inequality

a21N1 e3= �d2 > a31N1 e3�d3= , whereas for large values of
N1, the growth rates are a21 � d2 < a31 � d3. For simplicity,
we have set d2=d3, but in general, these will be different and
will contribute to differences in growth rates. Theory shows
that coexistence is possible if the fluctuation amplitude is such
that each of the two consumer species has some period of time
in which it is competitively superior to the other and is more
limited by its own density than that of the other consumer.
Coexistence occurs only for values of α12 higher than some
minimum threshold, whereas extinction of the parasitic con-
sumer occurs below this threshold α12. These alternatives
occur because the amplitude of the oscillations of N1 depends
on the positive feedback from N2 on N1, whose strength de-
pends on α12. Large fluctuations favor the persistence of the
parasite,N3, because it is superior toN2 at high densities ofN1.

However, in contrast with the case in which N 0
1 < N #

1 , a
remarkable phenomenon occurs when the inequality is re-
versed such that N 0

1 < N #
1 . Quasi-stable persistence or co-

occurrence occurs over a long time period, but this
fluctuation-dependent persistence eventually undergoes a
sudden shift to competitive exclusion of one consumer, for
example, the mutualistic consumer for α12=2.55 (Fig. 7a)
and the parasitic consumer for α12=2.57 (Fig. 7b). This
apparent sudden “regime shift” is due to the positive feed-
back effect of N2 on N1. When this feedback is strong, the
oscillations in N1 are very strong, favoring the mutualistic

Fig. 3 Representative
trajectories of Eqs. 1, 2, and 3 for
the dynamics of the mutualism–
parasitism food web module
with MM functional responses
describing both the (N1,N2)-
mutualism and (N1,N3)-
parasitism, for which N 0

1 < N#
1

(see Eq. 7). Here, the interaction
strength (α31) of the parasitic
consumer’s functional response
was varied, resulting in a
parasitic consumer extinction,
b three-species coexistence in
stable limit cycles in which
α31<α21, c three-species
coexistence in stable limit
cycles in which α31=α21

(approximating N0
1 ¼ N #

1 ),
and d mutualistic consumer
extinction. Densities of N1, N2,
andN3 are expressed over time in
red, green, and black,
respectively. Parameter values
for solutions of Eqs. 1, 2, and 3
are r1=1.5, d1=0.01, d2=d3=
0.45, α12=0.55, α21=0.9005,
β1=0.005, β2=0.03, and
e1=e2=50. Similar results occur
for variation in other parameter
values
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consumer, which has a higher growth rate at larger values of
N1. An initially imperceptibly slow change in the amplitude of
the limit cycle of N1 may suddenly accelerate to smaller or
larger values due to the positive feedback, leading to an
extinction that was not easy to predict. When the parasitic
consumer is a superior competitor and can persist at a lower
R* level than the mutualistic consumer, that is N 0

1 > N#
1 , then

after a long period of time, three-species persistence under
endogenous limit cycles degrades into competitive exclusion
of the mutualistic consumer if its interaction strength and
positive feedback on the basal mutualist is sufficiently strong.

BD formulations of the food web module

While fluctuations in the densities of the interacting species
facilitate coexistence of the mutualistic and parasitic

consumers in stable limit cycles when both have MM re-
sponses, three-species coexistence may also occur in a sta-
ble (non-oscillating) equilibrium when the consumers have
different functional responses. We examine this for Eqs. 4,
5, and 6 with BD and MM functional responses for mutu-
alism and parasitism (Appendix 2). The module now shows
a single stable (N1,N2,N3)-equilibrium, P*, for many param-
eter values (Fig. 8). For densities of N1, N2, and N3>0, the
module converges to this stable equilibrium. In the
absence of N2, trajectories lead to an alternative saddle
point, P13, in the (N1,N3)-plane, which is unstable to
invasion of N2, which leads to P* (Fig. 7). Equilibria of
Eqs. 4, 5, and 6 are:

N*
1 ¼ d3e2

a31 � d3
ð8Þ

Fig. 4 Representative trajectories of Eqs. 1, 2, and 3 for the dynamics
of the mutualism–parasitism food web module with MM functional
responses describing both the (N1,N2)-mutualism and (N1,N3)-parasit-
ism, for which N 0

1 < N #
1 (Eq. 7). Here, the interaction strength (α12) of

the positive feedback on the basal mutualist was varied, resulted in a
parasitic consumer extinction (α21=1.0), b three-species coexistence in
stable limit cycles (α21=1.5), c three-species coexistence in stable limit

cycles (α21=2.0), and d three-species coexistence in stable limit cycles
(α21=3.0). The scale of this last panel is blown up to show the
oscillations more clearly. Densities of N1, N2, and N3 are expressed
over time in blue, green, and red, respectively. Parameter values for
solutions of Eqs. 1, 2, and 3 are r1=1.0, d1=0.01, d2=d3=0.5, α31=
0.92, α21=0.90, β1=0.90, β2=4.8, e1=20, and e2=23.4
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N*
2 ¼ a21 � ad2ð ÞN*

1 � d2
bd2

ð9Þ

N*
3 ¼ e2 þ N*

1

b2
r1 þ a12N*

2

1þ aN*
1 þ bN*

2

� b1N
*
2

e1 þ N*
1

� d1N
*
1

� �
ð10Þ

These solutions show the feasible existence of a positive
N*
1 ;N

*
2 ;N

*
3

� ��equilibrium and can be used to determine the
range of parameters for this solution.

In Eq. 8, we see that N3 controls N*
1 . N

*
2 > 0 can occur

for parameter ranges in which N2 is more efficient than N3 in
exploiting resources of N1 when the density of N2 is low.
This is seen by first renaming N*

1 in Eq. 9 as N*
1;p, as this

value is determined by the parasitic consumer (Eq. 6). Then,
rearrange the terms in Eq. 10 as follows:

N*
2 ¼ 1

b
N*
1;p

a21 � ad2ð Þ
d2

� 1

� 	
¼ 1

b

N*
1;p

N*
1;m

� 1

" #
ð11Þ

where N*
1;m ¼ d2 a21 � ad2ð Þ � N*

1;m

.
is the level at which N1

would be held by the mutualistic consumer, if the parasitic
consumer was not present and the effect of the bN2 term in
Eq. 5 was negligible at equilibrium. For N*

2 to be positive in

Eq. 11, it requires that N*
1;m < N*

1;p, that is, the mutualistic

consumer is more efficient than the parasitic consumer at
exploiting the resource-supplying mutualist when the mutu-
alistic consumer is at low densities. Existence of a positive
non-oscillating N*

1 ;N
*
2 ;N

*
3

� ��equilibrium distinguishes the
mutualism–parasitism food web module from that of
exploitative competition. This positive non-oscillating
N*
1 ;N

*
2 ;N

*
3

� ��equilibrium arises from the negative density
dependence of the BD functional response, but is also en-
hanced by the positive feedback of the (N1,N2)-mutualism.
N2 increases N1’s density, which in turn increases resources
of N1 that are available to N3. Density effects of bN2 of the

Fig. 5 Bifurcation diagrams showing lower (dashed lines) and upper
(solid lines) bounds on the oscillations of N1, N2, and N3 (a, b, and c,
respectively) as functions of parameter α12 from Eqs. 1, 2, and 3 for the
dynamics of the mutualism–parasitism food web module, based on MM
functional responses for both the (N1,N2)-mutualism and (N1,N3)-parasitism,
for whichN 0

1 < N #
1 (Eq. 7). Note the shift from stable limit cycles ofN1 and

N2 to stable limit cycles of N1, N2, and N3 as α12 exceeds a value of about
1.2. Parameter values for solutions of Eqs. 1, 2, and 3 are r1=1.0, d1=0.01,
d2=d3=0.5, α31=0.92, α21=0.90, β1=0.90, β2=4.8, e1=20, and e2=23.4
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Fig. 6 Growth rates of the mutualistic consumer (N2) a21N1=
e1 þ N1ð Þ�d2 and the parasitic consumer (N3) a31N1 e2 þ N1ð Þ= �d3
as a function of the density of the basal resource mutualist (N1). The
growth rate of N2 exceeds that of N3 for small values of N1, while the
growth rate of N3 exceeds that of N2 for large values of N1. Parameter
values for these solutions include d2=d3=0.5, α21=1.90, α31=1.95,
e1=20, and e2=25.0. The parameter values here are slightly different
from those of Fig. 4 to demonstrate the differences in growth rates withN1
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BD functional response of N2 lead to incomplete resource
exploitation by N2 at high N2 densities, resulting in re-
sources available for N3 to persist.

The stable N*
1 ;N

*
2 ;N

*
3

� ��equilibrium of the BD formula-
tion also exhibits the (+,−) indirect interaction: increases in
N2

* have positive indirect effects on N*
3 by increasing N*

1 and

increases in N*
3 have negative indirect effects on N2

* by
decreasing N1

*. Representative dynamics of the food web
module show that different scenarios of (N1,N2,N3)-interac-
tions can arise with changes in interaction strengths of the
parasitic consumer’s functional response (α31) relative to that
of the mutualistic consumer (α21) (Fig. 9). Shifts in N1, N2,
andN3 among Fig. 9a–d exhibit the (+,−) indirect interactions.
If α31 of the parasitic consumer’s functional response is small,
then N3 tends towards extinction (Fig. 9a). A sufficient in-
crease in α31 leads to N*

1 ;N
*
2 ;N

*
3

� ��coexistence in a stable
equilibrium (Fig. 9b). A further increase in α31 continues to
lead to (N1,N2,N3)-coexistence, but in a stable limit cycle
(Fig. 9c). The stable limit cycle exhibits dynamics of the (+,−)
indirect interactions, whereby increases in the density of the
mutualistic consumer increase the density of the resource-
supplying mutualist, which increases the density of the para-
sitic consumer. On the other hand, increasing the density of
the parasitic consumer reduces the density of resource-
supplying mutualists and in turn the density of the mutualistic
consumer. Ongoing changes in the densities of N2 and N3 lead
to periodic oscillations, whereby increases inN3 have negative
effects onN2 through decreases inN1 and increases inN2 have
positive effects on N3 through increases in N1 (Fig. 9c). Peaks
and troughs in the densities of N1, N2, and N3 are out of phase

Fig. 7 Representative trajectories of Eqs. 1, 2, and 3 for the dynamics
of the mutualism–parasitism food web module with MM functional
responses describing the (N1,N2)-mutualism and (N1,N3)-parasitism,
but now with N0

1 > N #
1 due to the switching of the values of α21 and

α31 and of e1 and e2 in Fig. 4. Here, the interaction strength (α12) of the
positive feedback on the basal mutualist was varied, resulting in a
quasi-stable three-species limit cycle coexistence (α12=2.56) that
eventually underwent a switch in which the mutualist consumer was

eliminated (it is difficult to distinguish the mutualist consumer in the
early part of this plot, but it is coexisting stably) and b quasi-stable
three-species limit cycle coexistence (α12=2.57) that eventually
underwent a switch in which the parasitic consumer was eliminated.
Densities of N1, N2, and N3 are expressed over time in blue, green, and
red, respectively. Parameter values are the same as in Fig. 4. Long-term
persistence of the three-species coexistence appears to be difficult or
perhaps impossible in this situation

N3

α
31

=0.60 

N
1

N
2

P
13

P*

Fig. 8 Phase-plane diagram of the community dynamics of the mutu-
alism–parasitism food web module, including direct and indirect in-
teractions between mutualistic (N2) and parasitic (N3) consumers
exploiting resources supplied by another mutualist (N1). With initial
densities of (N1,N2,N3)> (0,0,0) and an intermediate interaction
strength of N3, community dynamics converge to the stable (N1,N2,
N3)-equilibrium, P*, as shown by three example trajectories in blue. In
the absence of N2, for example, the dynamics differ, such as the saddle
point, P13, as shown by four example trajectories in red. Parameter
values are r1=1.5, d1=0.01, d2=0.45, d3=0.45, α12=0.55, α21=0.65,
a=0.35, b=0.2, β1=β2=0.005, and e1=e2=50
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due to the (+,−) indirect interactions between N2 and N3. With
strong interaction strengths (α31) of the parasitic consumer, it
is feasible for the parasitic consumer to overexploit the
resource-supplying mutualist and cause extinction of the mu-
tualistic consumer (Fig. 9d). In this case, the (+,−) indirect
effect is prevalent only in the (N1,N2,N3)-transient dynamics
toward a (N1,N3)-stable limit cycle (Fig. 9d). However, this
latter change in α31 was exceedingly large relative to other
parameter values of α31 and α21.

BD formulations of the food web module with (N1,N2) limit
cycles

The above BD results apply to the situation in which the
(N1,N2)-mutualism has a stable equilibrium. Yet, as in Fig. 2,
the (N1,N2)-mutualism, as with the (N1,N3)-parasitism, can
persist in stable limit cycles. When concurrent stable limit
cycles occur between the (N1,N2)-mutualism and (N1,N3)-
parasitism, then the positive equilibrium P* (Fig. 8) shifts to
an unstable focus with (N1,N2,N3)-coexistence in stable limit
cycles that exhibit (+,−) indirect interactions. When interac-
tion strengths (α31) of the parasitic consumer’s functional
response are large, then N3 leads to the extinction of N2 and
the (N1,N3)-parasitism persists in stable limits cycles. When
α31 is small, thenN3 goes to extinction and (N1,N2)-mutualism
persists in limits cycles. Thus, results of Fig. 9 are not restrict-
ed to the (N1,N2)-mutualism having a stable equilibrium, but

are consistent with (N1,N2)-mutualism limit cycles interacting
with limit cycles of the (N1,N3)-parasitism.

Discussion

Food web modules exemplify many basic ways in which
direct and indirect interactions between species can shape
community dynamics. We studied the consequences of di-
rect and indirect interactions for the ecological dynamics of
mutualism–parasitism food web modules in which mutual-
istic (N2) and parasitic (N3) consumers exploit shared re-
sources of a basal mutualist (N1), as exemplified by plant
(N1), pollinator (N2), and nectar robber (N3) interactions.
Our approach differs from earlier work in that we
constructed a mutualism–parasitism module by employing
consumer–resource theory to build up from individual spe-
cies and their pairwise interactions to the food web module
(Holt 1977; Paine 1980; McCann 2012). This approach of
building up to the food web module has provided mecha-
nistic insights at each level, including, as we discuss in the
succeeding paragraphs, how incorporating mutualism into
food web modules can lead to previously not well-
recognized community dynamics such as (+,−) indirect in-
teractions; how the density-dependent dynamics of the food
web module alone can lead to persistence of the module,
rather than parasitic (cheater) species destabilizing the

Fig. 9 Representative
trajectories of Eqs. 4, 5, and 6
for the dynamics of the
mutualism–parasitism food web
module with BD functional
responses describing the (N1,
N2)-mutualism and MM
functional responses describing
the (N1,N3)-parasitism. Here,
the interaction strength (α31) of
the parasitic consumer
functional response was varied,
resulting in a parasitic
consumer extinction, b three-
species coexistence in stable
equilibrium, c three-species
coexistence in stable limit
cycles, and d mutualistic
consumer extinction. The
densities of N1, N2, and N3 in
red, green, and black,
respectively, are expressed over
time. For solutions of Eqs. 8, 9,
and 10, parameter values are r1
=1.5, d1=0.01, d2=d3=0.45,
α12=0.55, α21=0.65, a=0.35,
b=0.2, β1=β2=0.005, and e1=
e2=50. Similar results occur for
variation in other parameter
values
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module; and how differences in foraging biology and re-
source exploitation between mutualistic and parasitic spe-
cies can alter their functional responses (e.g., BD vs MM),
resulting in stability of mutualism–parasitism modules.

At the level of the food web module as a whole, we report
fundamental dynamics of food webs previously not well
established, namely, the emergence of (+,−) indirect inter-
actions. That is, increases in the density of the mutualistic
consumer (N2) increase the parasitic consumer’s density
(N3) through positive feedback on the density of the basal
mutualist (N1); increases in the density of the parasitic
consumer (N3) decrease the mutualistic consumer’s density
(N2) through negative feedback on the density of the basal
mutualist (N1). For instance, increasing pollinator density
has a positive indirect effect on nectar robber density by
increasing plant density, and increasing nectar robber den-
sity has a negative indirect effect on pollinator density by
decreasing plant density. While it has been suggested that
food web modules involving predation and competition may
lead to (+,−) indirect interactions (Menge 1995), here, we
report that density-mediated (+,−) indirect interactions arise
from food web modules involving mutualism. In fact,
the (+,−) indirect interaction is a key property of the
mutualism–parasitism food web module, akin to apparent
competition, apparent mutualism, and exploitative competi-
tion, in which two consumer species of the same guild
interact indirectly. In this way, the mutualism–parasitism food
web module reveals basic insights into density-mediated
indirect interactions in food webs.

Structural similarity between the mutualism–parasitism
module (Fig. 1d) and that of exploitative competition
(Fig. 1c), in which two consumers (N2,N3) exploit a shared
resource (N1), implies that mutualistic and parasitic con-
sumers may not coexist. Yet, we have shown that density-
dependent food web dynamics alone can lead to the persis-
tence of the food web module, in contrast to prior studies
that have focused on evolutionary mechanisms by which
mutualistic species can control the parasitic (cheater) spe-
cies. Instead of the parasitic consumer destabilizing the
module through (−,−) indirect interactions, the (N1,N2)-
mutualism actually favors persistence of the parasitic
consumer in two general ways. First, if both pairwise in-
teractions are governed by MM functional responses, for
which stable limit cycles ensue, then the positive feedback
of mutualism contributes to the size of the fluctuations of
N1, which in turn favors persistence of the parasitic consumer.
Strong interaction strengths of mutualism (α21, α12)
enhance the persistence of parasitic consumers and the food
web module as a whole. Saturating positive feedback of
the functional responses of mutualism can enhance per-
sistence of the mutualism–parasitism food web module
through fluctuation-dependent stable limit cycles when both
consumers have MM functional responses. A mutualism

described by its consumer–resource interactions is capable
of supporting stable limit cycles, just like predator–prey sys-
tems, as shown in Fig. 2. In these limit cycles, the amplitude of
the basal mutualist’s cycle is increased by the positive feed-
back of the mutualism, which promotes two consumer persis-
tence through the mechanism of fluctuation-dependent
persistence (Fig. 4), specifically the relative nonlinearity of
competition (Armstrong and McGehee 1976; Chesson 2000).
This occurs when the mutualistic consumer is the superior
competitor (i.e., N 0

1 < N #
1 ), as it has a higher growth rate for

low densities of the basal mutualist and the parasitic consumer
has a higher growth rate for higher values of the basal mutu-
alist (Fig. 6). Yet, when these differences in the growth rates of
the two consumers are reversed, such that the parasitic con-
sumer is the superior competitor (i.e., N0

1 < N #
1 ), the parasitic

consumer is excluded for high values of α12 and the mutual-
istic consumer is excluded for low values of α12. For values of
α12 close to a threshold between these two outcomes, quasi-
stable persistence of the three species can occur. Nevertheless,
imperceptibly slow changes in the amplitude of the basal
mutualist are eventually amplified rapidly by the positive
feedback, such that one of the two coexisting consumers
may suddenly go to extinction (Fig. 7).

Second, rather than fluctuation-dependent persistence
arising from both the mutualistic and parasitic consumers
having MM functional responses, some mutualisms may
have functional responses other than the MM or HT2. For
BD functional responses, mutualistic consumers avoid pre-
viously exploited resources such as flowers by pollinators,
so that the mutualist’s foraging strategy leads to highly
efficient resource exploitation at low to intermediate densi-
ties of itself, but self-limitation at high densities. As a result,
resource exploitation by the parasitic consumer exceeds that
of the mutualist at high densities of the mutualistic consum-
er. These attributes of resource exploitation arising from a
BD function for the mutualistic consumer enables three-
species coexistence in a stable equilibrium (Fig. 9b), for
which positive feedback of mutualism increases parameter
space over which the equilibrium exists. For example, the
BD formulation requires very large (and possibly biologi-
cally unrealistic) interaction strengths (α31) of parasitic
consumers for the mutualistic consumer to become extinct
(Fig. 9d) compared to MM formulations (Figs. 3 and 4). In
addition to the BD form, other functional responses for the
mutualistic consumer, such as ratio dependence, can lead to
enhanced stability of the mutualism–parasitism food web
module. For simplicity, we set other parameters for the
effects of the two consumers on the resource to the same
values. This situation should be explored for a wider range
of parameters.

Ecological dynamics of the mutualism–parasitism food
web module are consistent with the few other ecological
studies that have examined the dynamics of three-species
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coexistence in mutualism–parasitism interactions (Bronstein
et al. 2003; Morris et al. 2003; Wilson et al. 2003; Lee and
Inouye 2010). Morris et al. (2003) show that high
intraspecific and interspecific competition facilitate coexis-
tence between pollinating seed-eating mutualists and non-
pollinating parasites. Competition leads to unexploited re-
sources by one species which favors coexistence of the other
without extinction arising from (−,−) indirect interactions.
Wilson et al. (2003) show how spatial structure enhances
coexistence of mutualistic and parasitic consumers through
patch dynamics; unexploited resource patches make re-
sources available to consumers preventing extinction. Lee
and Inouye (2010) show coexistence between two mutu-
alistic consumers (competitors) and a resource species.
Both mutualistic consumers coexist through indirect in-
teractions that arise via mutualistic feedbacks on resource
attributes beyond that of density alone. Our results and
these other recent studies of food web modules involving
mutualism illustrate the importance of not extrapolating
well-known results from one situation (exploitative
competition) to another (mutualism–parasitism module)
without taking into account the biology of the system
of interest.

Key efforts have been made to integrate mutualism into
community and ecosystem ecology (e.g., Odum and Biever
1984; Jordano 1987; Oksanen 1988; Polis and Strong 1996;
Ringel et al. 1996; Stanton 2003; Agrawal et al. 2007;
Goudard and Loreau 2008). Yet, we know little of mutual-
ism’s influence on community dynamics, as it has been
largely omitted from traditional studies of food webs. The
food web module approach remains relatively unexplored
for mutualism, though a few other recent studies have pro-
vided some insights. In addition to the previously mentioned
studies, Knight et al. (2005, 2006) showed that food chains
with mutualism can lead to trophic cascades that deviate
from standard top-down effects. In a three-species food
chain, a top predator can decrease rather than increase
the basal species by reducing the positive feedback of
mutualism at the intermediate trophic level (pollination)
on the basal species (plant). In a four-species food chain,
mutualism can increase rather than decrease the basal
trophic level, as shown by a fish reducing dragonfly
abundance by consuming their larvae, which reduces drag-
onfly predation on insect pollinators and thereby increases
plant pollination.

In addition to the food web module approach, there is the
classic approach of examining large community matrices of
species interactions (May 1974; Pimm 1982). Recent appli-
cation of network theory in ecology has renewed interest in
this approach to the many interactions (edges) among large
numbers of species (nodes) comprising a community
(network). One such study has shown that parasitic con-
sumers of the mutualism–parasitism food web module are

common in networks (Genini et al. 2010). While the dy-
namics of food web modules may not be consistent with
large community matrices, McCann (2012) and others have
effectively shown that there is congruence between the two
approaches, though the degree of congruence may vary with
the extent to which modules are represented in community
matrices (Bascompte and Melian 2005; Allesina and
Pascual 2008; Kondoh 2008; Williams 2008; Stouffer and
Bascompte 2010). The (+,−) indirect interactions of mutu-
alism–parasitism food web modules may well contribute to
the overall persistence of communities. Network analyses
are certainly providing new insights into ecological commu-
nities in general and mutualistic ones in particular (e.g.,
Bascompte et al. 2003; Jordano et al. 2003; Bascompte
and Jordano 2007; Okuyama and Holland 2008; Ings et al.
2009; Vázquez et al. 2009; Fontaine et al. 2011; Pires et al.
2011). We are only beginning to integrate mutualismwith other
forms of interaction within food webs and community matrices
(Ings et al. 2009; Thebault and Fontaine 2010; Fontaine et al.
2011; Allesina and Tang 2012; Kefi et al. 2012). Yet, it is clear
that, at both the level of the food web module and large
complex networks, new structural and dynamical properties
can emerge through the inclusion of mutualism.
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Appendix 1: derivation of Beddington–DeAngelis
functional response for plant–pollinator interactions
(Fishman and Hadany 2010)

Fishman and Hadany (2010) modeled the interaction be-
tween plants and central place pollinators. They modeled
the interactions on three time scales: handling of individual
flowers on the scale of seconds, foraging bouts and nectar
recovery on the scale of tens of minutes, and plant and
pollinator population densities on the scale of years. The
specific pollinator modeled, bees, are known to leave scent
markers on visited plants. Until the scent wears off, bees
reject the marked flowers. This has the benefit of preventing
pollinators from wasting time on flowers in which the re-
sources are depleted. Starting from an analysis of individual
bee–flower interactions, and using the method of separation
of time scales (Segel and Slemrod 1989) to derive equations
for the long-term population dynamics of the pollinators and
plants, Fishman and Hadany (2010) found the approximate
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spatially implicit equations for plant–pollinator interactions,
with a Beddington–DeAngelis (BD) functional response:

dx

dt
¼ ηay

1þ axþ aby
� BðxÞ

� 	
x ð12Þ

dy

dt
¼ μax

1þ axþ aby
� DðyÞ

� 	
y ð13Þ

where x is the plant population size; y is the pollinator

population size; a ¼ kf ka
kpþkuð Þ kaþkdð Þ ; b ¼ kp kr= ; η is the rate

constant describing the plant’s efficiency in translating
plant–pollinator interactions into fitness; μ is the rate con-
stant describing the pollinator’s efficiency in translating
plant–pollinator interactions into fitness; ka is the rate constant
with which pollinators arrive at the foraging patch (≈1/h); kd is
the rate constant with which pollinators depart the foraging
patch (≈1/tens of minutes); kf is the rate constant for the
pollinator’s visits to individual flowers (≈1/s); km is the rate
constant for pollinators rejecting a marked flower (≈1/s); kp is
the rate constant for productive plant–pollinator interaction
proportional to the inverse of the flower-handling time (≈1/s);
kr is the rate coefficient of nectar recovery and fading of marks
(≈1/tens of minutes); ku is the rate constant for nonproductive
plant–pollinator interactions, wherein a pollinator departs
from an unmarked flower without collecting a reward (≈1/s);
and, B(x) and D(y) are the loss rates.

The efficiency of individual pollinators, μ, is enhanced
by their avoiding marked flowers. At high pollinator densities,
however, the efficiency of the population decreases because
the αβy term, which is larger the slower the rate of fading of
the marker, effectively acts like mutual interference. Hence, by
using a device that allows the individual pollinators to avoid
flowers that are relatively depleted in resources, individual
bees gain efficiency. At low bee numbers, that efficiency is
shared by all of the foragers, but as the number of foragers
increases, theαβy term decreases the rate at which the foragers
land on flowers. This has implications for coexistence of a
pollinator with another consumer population that does
not discriminate among resources. Consider the two
species system invaded by a third species, whose den-
sity is z. If the invader does not discriminate in exploi-
tation of resources, then the equations describing the
system are:

dx

dt
¼ ηay

1þ axþ a1biy
� BðxÞ

� 	
x ð14Þ

dy

dt
¼ μ1a1x

1þ a1xþ a1biy
� D1ðyÞ

� 	
y ð15Þ

dz

dt
¼ μ2a2x

1þ a2x
� D2ðzÞ

� 	
z ð16Þ

Following Fishman and Hadany (2010), the time spent
on individual flowers by individual foragers is so small
that there is no direct interference of either forager spe-
cies with itself or with the other forager species, so only
forager density-dependent terms in the denominators
comes from the discrimination of flowers. Foraging on
nectar-rich flowers, the pollinator, at low densities, is
more efficient than the invading forager, i.e., μ1>μ2. It
is a well-known result that, if β1=0, then at equilibrium,
Eqs. 15 and 16 can be solved to give different values
for x:

x*1 ¼
D1

a1 μ1 � D1ð Þ x*2 ¼
D2

a2 μ2 � D2ð Þ :

Because μ1>μ2, we have x*1 < x*2, which means that x2
goes to extinction. This does not necessarily happen,
however, when β1>0, as shown in the main text.
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Appendix 2: analytical solutions and mathematical proofs
for the community dynamics of the parasitism–mutualism
food web module

In the paper, we presented formulations of the mutualism–
parasitism food web module with Eqs. 1, 2, and 3 based on
MM functions describing the mutualistic and parasitic
consumers and Eqs. 4, 5, and 6 based on BD functions
for the (N1,N2)-mutualism. Here, we first present the
analytical solutions and mathematical proofs for Eqs. 4,
5, and 6 and then those for Eqs. 1, 2, and 3, as it was
easier to derive the simpler solutions of Eqs. 1, 2, and 3
from those of Eqs. 4, 5, and 6.

BD formulations of the food web module

For the system as a whole, we examined initial value
conditions of N1(0)≥0, N2(0)≥0, and N3(0)≥0, for
which the solutions are non-negative. It follows from
Eq. 4 that dN1 dt � N1 r1 þ a12 b� d1N1=ð Þ= , thus the
comparison principle (Cosner 1996) implies that
lim supt!1N1ðtÞ � br1 þ a12ð Þ bd1= . Then for δ>0 small,
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we have N1ðtÞ � br1 þ a12ð Þ bd1=½ � þ d when t is sufficiently
large. Let, d0 ¼ min d2; d3f g. By Eqs. 4, 5, and 6, we have:

d
dt N1 þ a12

a21
N2 þ b2

a31
N3


 �
¼ N1 r1 � d1N1ð Þ þ 2a12N1N2

1þaN1þbN2


 �
� b1N1N2

e1þN1


 �
� a12

a21
d2N2 � b2

a31
d3N3

� N1 r1
2a12
b

� �� d0
a12
a21

N2 þ b2
a31

N3


 �
� br1þa12

bd1
þ d


 �
d0 þ r1 þ 2a12

b

� �� d0 N1 þ a12
a21

N2 þ b2
a31

N3


 �
:

Again, using the comparison theorem of Cosner (1996), we
have:

lim sup
t!1

N1 þ a12

a21
N2 þ b2

a31
N3

� �
� 1

d0

br1 þ a12

bd1
þ d

� �

d0 þ r1 þ 2a12

b

� �

which implies that solutions of Eqs. 4, 5, and 6 are bounded. It
follows from Eq. 5 that dN2 dt � 0= if d2 � a21 a= . By the
Lyapunov Theorem (Hofbauer and Sigmund 1998), we have
limt!1N2ðtÞ ¼ 0 and limt!1N3ðtÞ ¼ 0 if d3≥a31. For this
reason, we focused persistence of the system by assuming
d2 < a21 a= and d3>a31. In the absence of N1, both N2 and N3

go to extinction, thus we first examine the two subsystems
of the (N1,N2)-mutualism and the (N1,N3)-parasitism, and
then the persistence of the (N1,N2,N3) food web module as
a whole.

(N1,N2)-mutualism

The (N1,N2)-mutualism, independent of the parasitism, is
described by the two equations:

dN1

dt
¼ r1N1 þ a12N1N2

1þ aN1 þ bN2

� �
� b1N1N2

e1 þ N1

� �
� d1N

2
1

dN2

dt
¼ a21N1N2

1þ aN1 þ bN2

� �
� d2N2

Let li denote the zero-growth isoclines of Ni in the positive
region, where i=1, 2:

l1 : f1 N1;N2ð Þ ¼ r1 þ a12N2

1þ aN1 þ bN2

� �
� b1N2

e1 þ N1

� �
� d1N1

l2 : f2 N1;N2ð Þ ¼ a21N1

1þ aN1 þ bN2

� �
� d2

l1 and the N1-axis intersect at O1(r1/d1,0). O1 is an equilib-
rium of the (N1,N2)-mutualism and is stable on the N1-axis.
l1 and the N2-axis intersect at Q(0,N2), which satisfies:

0 ¼ bb1
e1

N 2
2 þ b1

e1
� a12 � br1

� �
N2 � r1

As bb1 e1 > 0= and −r1<0, one root of the (N1,N2)-
mutualism is positive and the other is negative, which
correspond to the two intersection points Q+(0,q+) and
Q−(0,q−). l2 and the N1-axis intersect at N0

1 ; 0
� �

with
N0
1 ¼ d2 a21 � ad2ð Þ= ¼ N*

1;m � l2 and the N2-axis intersect
at (0,−1/b).

Because we focus on parasitic nectar robbers’ invasion
into plant–pollinator systems, we assume that the polli-
nators (i.e., pollination mutualism) can persist in the
plant–pollinator system when there are no nectar robbers,
that is, N0

1 < r1 d1= . Similar reasoning can also be applied

to the situation in which N0
1 < r1 d1= when the pollinators

with high initial densities can survive in the plant–pollinator
system. When N 0

1 < r1 d1= , there is a unique positive equilib-

rium E12 Nþ
1 ;N

þ
2

� �
of the (N1,N2)-mutualism. Let E12(N1,N2)

be the intersections of l1 and l2. By f2(N1,N2)=0, we obtain
N1 ¼ N 0

1 bN2 þ 1ð Þ. By f1(N1,N2)=0, we obtain:

g N2ð Þ ¼ AN3
2 þ BN3

2 þ CN2
2 þ DN2 þ E ¼ 0

where A ¼ d1b3N03
1 and E ¼ � r1 � d1N0

1

� �
N 0
1 e1 þ N 0

1

� �
.

Since A>0 and E<0, there is at least one positive root of
g(N2), and as will be shown next, there is a negative root
g(N2), indicating that the third root is also negative and the
positive root is unique. As g(0)=E<0 and g(q+)=g(q−)=0,
O(0,0) is between Q+ and Q− on the N2-axis. By
g �1 b=ð Þ ¼ �a12 b < 0= , the point (0,−1/b) is also between
Q+ and Q−. The isocline l1 can be rewritten as:

l01 : r1 � d1N1ð Þ e1 þ N1ð Þ 1þ aN1 þ bN2ð Þ þ a12N2 e1 þ N1ð Þ
� b1N2 1þ aN1 þ bN2ð Þ ¼ 0:

Thus, the points (−e1,0) and �e1; ae1 � 1ð Þ b=ð Þ are on
l01 � l01 is a continuous line linking the points (−e1,0) and
Q−. Because (0,1/b) is above Q−, there is an intersec-
tion point of l1 and l2 in the region N1<0, N2<0. Thus,
there is a negative root of g(N2), and the positive
equilibrium of the (N1,N2)-mutualism is unique.

On the N1,N2-plane, the equilibrium O(0,0) is a saddle
with eigenvalues r1 and −d2. When N 0

1 < r1 d1= holds, we

obtain f2 r1 d1; 0=ð Þ > f2 N 0
1 ; 0

� � ¼ 0. Thus, O1 is a saddle
with eigenvalues −r1 and f2 r1 d1; 0=ð Þ > 0. Solutions of the
(N1,N2)-mutualism are bounded. Hence, every positive
solution of the (N1,N2)-mutualism either converges to
E12 or to a periodic orbit EΦ(ϕ1(t), ϕ2(t)). It follows from
the Poincare–Bendixson Theorem that there is a periodic
orbit when E12 is unstable. Since the right-hand side of
the equations for the (N1,N2)-mutualism is analytic, the
number of periodic orbits EΦ is limited. While the num-
ber of EΦ is not determined here, constraints on EΦ in
the following analyses are effective for each of the periodic
orbits.
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(N1,N3)-parasitism

The (N1,N3)-parasitism, independent of mutualism, is de-
scribed by the two equations:

dN1

dt
¼ r1N1 � b2N1N3

e2 þ N1

� �
� d1N

2
1

dN3

dt
¼ a31N1N3

e2 þ N1

� �
� d3N3

The dynamics of this parasite–host system are well under-
stood and follow classic Rosenzweig–MacArthur predator–
prey dynamics, including having a positive globally stable
(N1,N3)-equilibrium, extinction of the parasitic species, a
globally stable equilibrium of the host, and an unstable
equilibrium with limit cycles (Rosenzweig and MacArthur
1963; Rosenzweig 1971, Kuang and Freedman 1988). Briefly,
these proofs include the following. There is a positive
equilibrium E13 N #

1 ;N
#
3

� �
if d3 < r1a31 r1 þ d1e2ð Þ= , where

N#
1 ¼ d3e2 a31 � d3ð Þ= and N#

3 ¼ a31N#
1 r1 � d1N#

1

� �
b2d3= .

Second, if d3 � r1a31 r1 þ d1e2ð Þ= , then the equilibrium
(r1/d1, 0) is globally stable. Third, E13 is globally stable if:

r1 � d1e2ð Þa31

r1 þ d1e2
� d3 � r1a31

r1 þ d1e2
:

Yet, if:

d3 <
r1 � d1e2ð Þa31

r1 þ d1e2
;

then E13 is unstable and there is a unique globally stable limit
cycle, EΨ(ψ1(t), ψ3(t)) (except for the stable equilibrium E13).

(N1,N2,N3)-mutualism–parasitism food web module

We examined the persistence of the food web module of
Eqs. 4, 5, and 6, showing that community dynamics have
boundaries and equilibria in the positive octant. Let F(N1,
N2,N3), G(N1,N2,N3), and H(N1,N2,N3) denote functions on
the right-hand side of Eqs. 4, 5, and 6, respectively, such that
the Jacobian matrix is as follows:

J N1;N2;N3ð Þ ¼
F1 F2 F3

G1 G2 0
H1 0 H3

0
@

1
A; where

F1 ¼ r1 � 2d1N1 þ a12N2

1þ aN1 þ bN2
� b1N2

e1 þ N1
� b2N3

e2 þ N1

þ N1 � aa12N2

1þ aN1 ¼ bN2ð Þ2 þ
b1N2

e2 þ N1ð Þ2
" #

F2 ¼ a12N2 1þ aN1ð Þ
1þ aN1 þ bN2ð Þ2 �

b1N1

e1 þ N1

F3 ¼ b2N1

e2 þ N1

G1 ¼ a21N2 1þ bN2ð Þ
1þ aN1 þ bN2ð Þ2

G2 ¼ �d2 þ a21N1

1þ aN1 þ bN2
þ ba21N1N2

1þ aN1 þ bN2ð Þ2

H1 ¼ e2a31N3

e2 þ N1ð Þ2

H3 ¼ �d2 þ a31N1

e2 þ N1

Equilibria and periodic orbits can occur within the bound-
aries of the positive octant. First, equilibrium O(0,0,0) is a
saddle point with eigenvalues r1, −d2, and −d3. The (N2,
N3)-plane is the stable subspace and the N1-axis is the
unstable subspace. Second, equilibrium P1 r1 d1; 0; 0=ð Þ al-
ways exists with eigenvalues:

lð1Þ1 ¼ �r1 < 0; lð1Þ2 ¼ �d2 þ a21r1
d1 þ ar1

; lð1Þ3 ¼ �d3 þ a31r1
r1 þ d1e2

:

Here, lðjÞi denotes the eigenvalue of equilibrium P(j) in the

Ni-axis. If l
ð1Þ
2 > 0 and lð1Þ3 > 0, then P1 is a saddle point for

which the N1-axis is the stable subspace and the (N2,N3)-
plane is the unstable subspace.

Third, the equilibrium P12 Nþ
1 ;N

þ
2 ; 0

� �
exists if lð1Þ2 > 0.

Its eigenvalue in the N3-axis is:

l 12ð Þ
3 ¼ �d3 þ a31N

þ
1

e2 þ Nþ
1

where N1
+ is the unique positive solution of g(N2). When

there is a periodic orbit PΦ(ϕ1(t), ϕ1(t)) on the (N1, N2)-
plane, its stability is determined by Floquet multipliers
(Klausmeier 2008) of the variational system:

dΦðtÞ
dt

¼ J f1ðtÞ; f2ðtÞ; 0ð ÞΦðtÞ; Φð0Þ ¼ 1

where J(N1,N2,N3) is given above and I is the 3×3 identity
matrix. Let T denote the period of PΦ(t). The Floquet mul-
tiplier in the N3-axis is:

exp
1

T

Z T

0
�d3 þ a31f1ðtÞ

e2 þ f1ðtÞ
� �

dt

� 	
:

Thus, if:

l Φð Þ
3 ¼ �d3 þ 1

T

Z T

0

a31f1ðtÞ
e2 þ f1ðtÞ

dt > 0;
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then PΦ(t) is unstable in the N3-axis direction.Fourth, equi-

librium P13 N#
1 ; 0;N

#
3

� �
exists if lð1Þ3 > 0, where N#

1 and N #
3

are given previously. The eigenvalue of P13 N #
1 ; 0;N

#
3

� �
in

the N2-axis is:

l 13ð Þ
2 ¼ �d2 þ a21N #

1

1þ aN#
1

:

Thus, if l 13ð Þ
2 > 0 and the following condition holds:

r1 � d1e2ð Þa31

r1 þ d1e2
� d3 � r1a31

r1 þ d1e2
;

then P13 is a saddle point for which the (N1,N3)-plane is the
stable subspace and the N2-axis is the unstable subspace.

Yet, if l 13ð Þ
2 > 0 and the following condition holds:

d3 <
r1 � d1e2ð Þa31

r1 þ d1e2
;

then P13 is an unstable node, for which (N1, N3)-plane and
N2-axis are both unstable subspaces.

The periodic orbit PΨ(ψ1(t), 0, ψ3(t)) exists when the
second of the two previous conditions holds, where ψ1(t)
and ψ3(t) are given previously. Because PΨ(t) is stable in the
(N1,N3)-plane, we only need to consider its stability in the
N2-axis, which is determined by the Floquet multipliers of
the variational system:

dyðtÞ
dt

� J y1ðtÞ; 0;y3ðtÞð ÞΨðtÞ; Ψð0Þ ¼ 1;

where J(N1,N2,N3) is given previously and I is the 3×3
identity matrix. Let T denote the period of PΨ(t). The
Floquet multiplier in the N2-axis is:

exp
1

T

Z T

0
�d2 þ a21y1ðtÞ

1þ ay1ðtÞ
� �

dt

� 	

Thus, if:

l yð Þ
2 ¼ �d2 þ 1

T

Z T

0

a21y1ðtÞ
1þ ay1ðtÞ

dt > 0;

then PΨ(t) is unstable in the N2-axis direction. If l
Ψð Þ
2 < 0,

then it is asymptotically stable.The persistence of the
(N1,N2,N3)-mutualism–parasitism food web module can be

described as follows. When lð1Þ2 > 0 and lð1Þ3 > 0, then P1 is

a saddle point and equilibria P12 and P13 exist. If l
12ð Þ
3 > 0

and l Φð Þ
3 > 0 for each PΦ, then P12 and PΦ are unstable in

the N3-axis. If l
13ð Þ
2 > 0 and the following condition holds:

r1 � d1e2ð Þa31
r1 þ d1e2

� d3 � r1a31

r1 þ d1e2
;

then P13 is a saddle point where the (N1,N3)-plane is the
stable subspace and the N2-axis is the unstable subspace. If

l 13ð Þ
2 > 0, l Ψð Þ

2 > 0, and the following holds:

d3 <
r1 � d1e2ð Þa31

r1 þ d1e2
;

then P13 and PΨ(t) are unstable, where the (N1,N3)-plane is
the stable subspace and the N2-axis is the unstable subspace.
Thus, the boundary equilibria and periodic orbits cannot
form a heteroclinic cycle. It follows from the Acyclicity
Theorem (Butler et al. 1986, Butler and Waltman 1986) that
the persistence of the (N1,N2,N3)-mutualism–parasitism
food web module is guaranteed, as will be shown next.

Assuming lð1Þ2 > 0 and lð1Þ3 > 0, then the (N1,N2,N3)-
mutualism–parasitism food web module is uniformly per-
sistent if one of the two following conditions is satisfied.

First, l 13ð Þ
2 > 0, l 12ð Þ

3 > 0, l Φð Þ
3 > 0, and the following holds:

r1 � d1e2ð Þa31

r1 þ d1e2
� d3 � r1a31

r1 þ d1e2
:

Second, l 13ð Þ
2 > 0, l 12ð Þ

3 > 0, l Φð Þ
3 > 0, l Ψð Þ

2 > 0, and the
following holds:

d3 <
r1 � d1e2ð Þa31

r1 þ d1e2
:

It follows from the boundedness of the solutions and
uniform persistence that there is a positive equilibrium
P* N*

1 ;N
*
2 ;N

*
3

� �
(Butler et al. 1986), where:

N*
1 ¼ d3e2

a31 � d3
¼ N #

1

� �

N*
2 ¼ a21 � ad2ð ÞN*

1 � d2
bd2

N*
3 ¼ e2 þ N*

1

b2
r1 � d1N

*
1 þ a12N*

2

1þ aN*
1 þ bN*

2

� b1N
*
2

e1 þ N*
1

� 	

The Jacobian matrix of P* is:

J* ¼
F*
1 F*

2 F*
3

G*
1 G*

2 0
H*

1 0 0

0
@

1
A; where

F*
1 ¼ N*

1 �d1 � aa12N*
2

1þ aN*
1 þ bN2

� �2 þ b1N
*
2

e1 þ N*
1

� �2 þ b2N
*
3

e2 þ N*
1

� �2
" #

F*
2 ¼ a12N*

2 1þ aN*
1

� �
1þ aN*

1 þ bN*
2

� � � b1N
*
1

e1 þ N*
1

F*
3 ¼ b2N

*
1

e2 þ N*
1

< 0
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G*
1 ¼

a21N*
2 1þ bN*

2

� �
1þ aN*

1 þ bN*
2

� �2 > 0

G*
2 ¼ � ba21N*

1N
*
2

1þ aN*
1 þ bN*

2

� �2 < 0

H*
1 ¼ e2a31N*

3

e2 þ N*
1

� �2 > 0

The characteristic equation is l3 þ a1l2 þ a2lþ a3 ¼ 0,
where:

a1 ¼ � F*
1 þ G*

2

� �
; a2 ¼ F*

1G
*
2 � H*

1F
*
3 � G*

1F
*
2 ; a3 ¼ H*

1G
*
2F

*
3 > 0

Because a3>0, it follows from the Routh–Hurwitz criteria
that the stability of P* can be determined. If:

a1 ¼ � F*
1 þ G*

2

� �
> 0;

a1a2 � a3 ¼ F*
1 H*

1F
*
3 þ G*

1F
*
2 � F*

1G
*
2

� �þ G*
2 G*

1F
*
2 � F*

1G
*
2

� �
> 0;

then the positive equilibrium P* is asymptotically stable.

MM formulations of the food web module

Having presented solutions for the mathematically more
complex scenario involving BD functions, we now present
the analytical solutions and mathematical proofs for Eqs. 1,
2, and 3 based on MM functions describing the (N1,N2)-
mutualism. Note that the dynamics of Eqs. 1, 2, and 3) on
the (N1,N3)-plane are the same as those presented previous-
ly, and all orbits on the (N2,N3)-plane converge to (0,0).
Thus, we only present the solutions for the (N1,N2)-mutual-
ism and the (N1,N2,N3) food web module as a whole for
Eqs. 1, 2, and 3).

(N1,N2)-mutualism

The (N1,N2)-mutualism is described by the two equations:

dN1

dt
¼ N1 r1 � d1N1 þ a12N2

h1 þ N2
� b1N2

e1 þ N1

� �

dN2

dt
¼ N2 �d2 þ a21N1

e1 þ N1

� �

We denote the isoclines in the positive region as follows:

l1 : r1 � d1N1 þ a12N2

h1 þ N2
� b1N2

e1 þ N1
� 0; l2 : �d2 þ a21N1

e1 þ N1
¼ 0:

Then, the l1 and the N1-axis intersect at r1 d1; 0=ð Þ
and the l2 and the N1-axis intersect at (N1

**,0) with

N��
1 ¼ d2e1 a21 � d2ð Þ= , where we assume α21−d2>0 previ-

ously for Eqs. 4, 5, and 6. As we focus on parasitic consumers
invading pairwise mutualism, we assume the persistence of
the mutualistic consumers (N2), that is, N��

1 < r1 d1= . Indeed,
when N ��

1 < r1 d1= , equilibrium r1 d1; 0=ð Þ is locally asymp-
totically stable and the mutualistic consumers with low initial
densities go to extinction. l1 and l2 intersect at N��

1 ;N ��
2

� �
,

where N ��
2 satisfies:

b1
e1 þ N��

1

N2
2 þ b1h1

e1 þ N ��
1

� a12 � r1 � d1N
��
1

� �� 	

N2 � r1 � d1N
��
1

� �
h1 ¼ 0:

Since (r1−d1N1
**)h1<0, there is a unique positive root of the

equation. Thus, there is a unique positive equilibrium
E12 N��

1 ;N ��
2

� �
of the model on the (N1,N2)-plane.

Similar to the previous discussion for Eqs. 8, 9, and 10,
equilibria (0,0) and r1 d1; 0=ð Þ are saddles and every positive
solution of the (N1,N2)-mutualism either converges to E12 or
to a periodic orbit EΦ(φ1(t), φ2(t)) and the number of peri-
odic orbits EΦ is limited. These dynamical properties of the
(N1,N2)-mutualism are similar to those in Fig. 2, while the
unique difference is that the isocline l2 here is a vertical line.

(N1,N2,N3)-mutualism–parasitism food web module

We focused on the persistence of Eqs. 1, 2, and 3, while
properties of equilibria O(0,0,0) and P1(r1/d1,0,0) are the
same as those for Eqs. 4, 5, and 6. First, the equilibrium
P12 N ��

1 ;N��
2 ; 0

� �
exists if N��

1 < r1 d1= . Its eigenvalue in the
N3-axis direction is:

l 12ð Þ
3 ¼ �d3 þ a31N*

1

e2 þ N*
1

¼ a31 � d3ð Þ N*
1 � N #

1

� �
e2 þ N*

2

where N#
1 is given previously for Eqs. 8, 9, and 10. When

there is a periodic orbit PΦ on the (N1,N2)-plane, its stability
is determined by its Floquet multiplier in the N3-axis direc-
tion. That is, if:

l Φð Þ
3 ¼ �d3 þ 1

T

ZT
0

a31Φ1ðtÞ
e2 þ Φ1ðtÞ dt > 0;

then PΦ is unstable in the N3-axis direction. Second, equilib-

rium P13 N #
1 ; 0;N

#
2

� �
exists if lð1Þ3 > 0 as shown for Eqs. 8, 9,

and 10. The eigenvalue of P13 in the N2-axis direction is:

l 13ð Þ
2 ¼ �d2 þ a21N #

1

e1 þ N#
1

¼ a21 � d2ð Þ N #
1 � N*

1

� �
e1N#

1

:

When N��
1 ¼ N#

1 , a direct computation shows that:

dN3

dN2
¼ e1 þ N1ð Þ

e2 þ N1ð Þ2
� C2
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Because the plants (N1(t)) always persist in the three-species
system, there exist positive constants C1 and C2 such that:

C1 � e1 þ N1ð Þ
e2 þ N1ð Þ2

� C2:

That is:

c0N
d3C1 d2=
2 � N3 � c0N

d3C2 d2=
2 ; c0 > 0;

which means that N2 and N3 always coexist, as shown
in Fig. 3.

On the other hand, whenN��
1 6¼ N #

1 , we have l
12ð Þ
3 l 31ð Þ

2 < 0.
That is, either P12 or P13 has a stable manifold in the
positive cone, which means that the three-species system
cannot persist when their initial densities are on the stable
manifold. In this situation, the three species can coexist
when limit cycles occur on the coordinate planes and initial
densities of the three species are not on the stable manifold,
as shown in Fig. 6. Since the boundary equilibrium P12 or
P13 has stable manifold in the positive cone, species coex-
istence depends on initial densities and limit cycle stability.
Analyzing such coexistence is not within persistence theory
and is not easy to prove.
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