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1 Introduction.

The neutral theory of molecular evolution maintains that most sequence variation among
genomes has no direct relevance to adaptation [1]. The rapidly-growing amount of genomic
data makes it possible now to ask which proteins are undergoing adaptive evolution. This, in
turn calls for better computational tools to detect positive selection. In this study, we present
a new test for detecting positive Darwinian selection. The test identifies large deviation of
the mean observed chemical distance between two proteins from the expected distance along
a branch in a phylogenetic tree. The mean observed chemical distance is calculated as the
average over all possible ancestral sequence reconstruction, weighted by their likelihoods.
Our novel method of averaging over all possible ancestral amino-acid assignments eliminates
possible bias that could have resulted if the calculation was based solely on the most likely
ancestral sequence. We present an O(n)-time algorithm to perform this test for all branches
of a phylogenetic tree with n leaves. We apply our test to study adaptive evolution in rat
olfactory proteins.

2 A test for positive selection.

We use the term d(a, b) for the Grantham’s chemical distance [2] between amino-acid a
and b. This chemical distance measures the differences between two amino-acids in terms
of their volume, charge, and composition. We define the chemical distance between two
sequences as the sum over all positions of the chemical distance between the pairs of amino-
acids occupying the same position in the gapless alignment. The first step of our test is
to align the sequences and construct the phylogenetic tree. We then compute the chemical
distance along a branch in question, and test whether the mean observed chemical distance
significantly deviate from its chance expectation. It is claimed that deviation of this random
variable from it chance expectation is indicative of positive selection [3].

Since positions are assumed to be independent we restrict the subsequent description to
a single site. Each branch (u, v) at the phylogenetic tree T , partitions T into two subtrees.
Let L(u, v, a) denote the likelihood of the subtree which includes v, given that v is assigned
amino-acid a. L(u, v, a) is computed by the following recursive equation:

L(u, v, a) =
∏

w∈(N(v)\u)

{
∑

b∈AA

Pab(t(w, v)) · L(v, w, b)}

For a leaf v, we set L(u, v, a)=1(a), i.e., 1 if amino-acid a is in v and 0 otherwise. N(v)
denote all the nodes connected to v, and Pab(t) is the replacement probability of amino-acid
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a by amino-acid b along a branch of length t. AA is the set of all 20 amino-acids. Let L
denote the likelihood of the whole tree:

L =
∑

a,b∈AA

fab(t(u, v)) · L(u, v, b) · L(v, u, a)

where (u, v) is any branch in T , and fab(t) = Pi · Pij(t) is the probability of observing i
and j in the same position in two sequences of evolutionary distance t. Pi is the frequency
of amino-acid i. The mean observed chemical distance for a given branch (x, y) in T is
computed as follows:

E(d(x, y)) =
1
L

∑

a,b∈AA

{d(a, b) · fab(t(x, y)) · L(x, y, b) · L(y, x, a)}

The variance V (d(x, y)) is computed similarly. Finally, the p value of the test for a branch
(u, v) in T with numberofsites > 30 can be calculated using normal approximation for the
distribution of d(u, v). We note that if the test is done on all branches of the tree, correction
for multiple test is needed. The algorithm for testing positive selection is summarized in
Figure 1. For each branch (u, v) ∈ T the algorithm outputs the p-value of the test.

Traverse T bottom-up, computing for each branch (u, v) and a ∈ AA the value
of L(u, v, a), where u is the parent of v.
Traverse T top-down, computing for each branch (u, v) and a ∈ AA the value
of L(v, u, a), where u is the parent of v.
Forevery (u, v) ∈ T Calculate E(d(u, v)) and V (d(u, v)) and using the normal
approximation output the p value.

Figure 1: An algorithm for testing positive selection along a branch of a given tree

From the linearity of E(d(u, v)) and V (d(u, v) and from the above recursion equation for
L(u, v, a) it is easy to show that:

Theorem 1 The complexity of testing all the branches of a given phylogenetic tree with n
leaves is O(n).

3 An empirical example.

Using this test we reevaluated positive selection in rat olfactory proteins [3]. We assumed
the JTT stochastic model [4], and Maximum likelihood estimation of branch length. The
result of our maximum-likelihood test roll-out positive selection in rat olfactory sequences,
opposed to [3] that analyzed chemical differences between pairwise sequences.
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