Bessel Functions - Lecture 7

1 Introduction
We study the ode;

2f +af, + (@ =) f, =0
This is a Sturm-Liouville problem where we look for solutions as the variable v is changed.
The equation has a regular singular point at z = 0. Substitution of the form; f,(z) =
2Ye* F(v+1/2|2v +1|2iz) yields the confluent hypergeometric function, F'. This is the same
function we used in studying the Coulomb wave functions. The solution of the above ode
which remains finite as z — 0 is called a Bessel function of the 1 kind.
The equation can put in self-adjoint form;

rfhlafl] = —(a* =12

dx v v

Look for a solution to this equation in terms of a series. We already know from previous

development that we can easily find one of the two solutions. The second will require more
work.

fr =3 apaPts

fo =22 ap(p+s)art>!

£l =2 app+s)(p+s— Dart=
Substitute to get;

S (p+8)(p+ 5 — Dapa"™ + X (p+ $)aa?™ + X apa 2 — 12 Y a0 = 0
The recurrance relation is;

api2 = —ap[(p+s+2)* —v?!
The indicial equation is obtained when p = 0

[s(s—=1)+s—12ag = 0



or when p=1
[(s+1)s+(s+1)—v¥a; =0

Then choose a; = 0 so that s> = 2, and s = £v. Choose s = v. The recursion relation is

_ ap
PP+ 2p(v+2) +4(v+1)

ap+2 =

The series solution has the form with ag chosen to satisft the normalization condition;

= (-1

— X\2s+v
I ;::op!(erV)(Q)
The second solution could be obtained with the choice s = —v if v is not integral. However

if v is integral, then this choice gives a solution which is not linearly independent.

2 Convergence and Recursion Relations

Consider the solution;

fo= 2 sitot o)

p=0

(/2%

The ratio of terms from the recursion relation is;

1_2

|ap+2
(p+v+2)7—v°

Qp

‘ =
This is < 1 as p — oo for a given = and v. Thus by the ratio test, the series converges for
0 < x < o0. One can use the series to demonstrate the recursion relation between Bessel
functions of different order. Here we choose to use f, — J,, which is the standard convention
for the regular, cylindrical Bessel function where n is integral.

Jn1+ Jny1 = (2n/z)J,
One can also demonstrate;

Jn—l - Jn+1 = 2J7/1

Finally the recursion relations above can be combined to reproduce the Bessel equation



3 A second solution

Return to the ode of the Bessel equation.
2f) +af, + @ =) f, =0

We previously looked for a solution of the form;

fl/ = Z prerS
The solution we obtained was regular at the origin, ie we expanded about z = 0. If we had
chosen s = —1 the series would have taken the form;
o _(=1)P 2
Ly = ————(x/2)P7"
J pz::op!(p—V)!( /2)

Now (p — v)! — oo so the series starts for p = v. Then replace p — p + v which reproduces
the series when p = v. The series is singular at = = 0.

4 Integral Representation

Now let;

fn = (1/m) fﬂ dw cos(zx sin(w) — nw)

0

Then look at the relations for f,,; and f,,_;. Subtracting these we obtain;

fos1 — foo1 = (1/7) j dw [cos(x sin(w) — nw) cos(w) + sin(x sin(w — nw) sin(w) —

cos(x sin(w) — nw) cos(w) + sin(x sin(w — nw) sin(w)

frt1— foor = (2/7) gfr dw sin(w — nw) sin(w)

The term on the right is twice f/. Thus the recursion relation for the Bessel function is
reproduced. We identify f, — J,. The integral representation is;

Ju(z) = (1/7) f dw cos(z sin(w) — nw) = (1/27) } duw ¢ sin(w)—nw)

0 -
This implies that the Bessel function, .J,, is the n! Fourier coefficient of the expansion;
o

e2sin@) = N~ J e, This allows the following expressions for the generating function;

n=—oo



cos(z sin(w)) = ioo Jp cos(nw)
sin(z sin(w)) = i I sin(nw)

n=—oo

Observe that J_, = (=1)"J,

5 Generating function

Begin with the series obtained in the last section;

cos(z sin(w)) = ioo Jy, cos(nw)
sin(z sin(w)) = niioo Iy sin(nw)

If we let w = 7/2 we then obtain;
cos(z) = Jo—2Jo+2Jy+ -+
sin(z) = 2Jy —2J3+ -+
Let €™ = t so that e* — e ™ = 2j sin(w). Then;

giesin) _ 102 Z Y g

n=—oo

This is the generating function for J,.

G(z,t) = /D2 = S ()17

n=—oo

One can obtain the value of J,(x) by determining the coefficient of the n'* power in the
series. Thus;

g—;[G(z,t)] =0 = n!jn(z)

The generating function can be used to establish the Bessel power series, and the recursion
relations.



6 Limiting values

Limiting Values for the Bessel fns.

(z/2)"
I'(v+1)

No(z) lim, .o — (2/7)in(z)

Ny(2)limg o — (1/m)I(v)(2/2)"

J(x)lim, oo — +/2/mzc0s(z —vT/2 —7/4)
N, (x)lim, oo — /2/mzsin(z —vm/2 —7/4)
HY2)limy oo — +/2/7z ei@—vm/2-7/4)

H2(z)lim, o — +/2/72 o—ilz—vm/2-m/4)

7 A second solution for integral order

Begin by observing that the asymptotic form for the Bessel function is;
lim, oo Jo(®) — \/2/72 cos(x —nm/2 — 7/4)

Now we suppose a 2"? solution would have the asymptotic form;
lim, oo No(2) — /2/7z sin(z — nm/2 — 7/4)

Not only are these forms linearly independent, but are out of phase by 7/2. Also note that
if we multiply J,, by cos(nx) and N,, by sin(nx) and look at the asymptotic form, we have;

sin(nzx) sin(x—nn/2—7/4) = [—cos(x—nm/2—m [44nT)+cos(zr—nm/2—7 /4—nT)]/2

cos(nx) cos(x—nw/2—7/4) = [cos(x—n7/2—7/4+nT)+cos(x—n7/2—7 [4—nT)]/2
Then subtract these forms to obtain;

cos(nm)J, — sin(nm)N,, = J_,

Using the Wronskian, the second solution would be expressed as ;



Ny(z) = cos(nﬂ)si%((i)ﬁ)— Jon(x)

For x — 0 the second solution has the form;

T@) = 2 (_1)V)!(95/2)2”‘”

nl(n —v

Use the expression for the gamma function;

2(=2)! = =2

sin(mwz)
1 _ zlsin(mz)
EI

Substitute this in the expression above in order to obtain the first term in the series as x — 0.

==Ll gy

limz — 0[N, (x)] =
When v — 0 one must be more careful as presented in the text. A series expansion shows
logrithmatic behavior. The second solution, /N,, whether v is an integer or not, is called the
Neumann function. It satisfies the Bessel ode and has the same recursion relations as J,.
The Wronskian is;

']1/ Nl/+1 - Jqul Nu = _%

8 Example of Fraunhofer Diffraction

A circular aperature is uniformly illuminated by a beam of light as ashown in Figure 1. The
incident light at all points within the aperature are in phase. By Huygen’s principle, the
amplitude of the diffracted light at point P is the sum of amplitudes from all points within
the aperature. The amplitudes at the aperature are equal at equal points but propagate
unequal distances so are out of phase at P. Thus an element of amplitude will have the
form;

sin(kr — wt)

A, =C e pdpdo

The distances are;
r? = d*+ (h — pcos(¢))? + p* sin?(¢)

R? = &+ 1?



o d | 2
y

Figure 1: Fraunhofer difraction through a circular aperature

Combine these to obtain;
r? = R? —2pR sin(0) cos(¢) + p?

Let R > p and take the Binomial expansion for p/R.
r = R[l = (p/R) sin(0) cos(¢) - -]

The amplitude at P is the integral over the aperature of the above contribution.

. 2 a
A = [CM}%_M’)]U do [ dpplcos(kpsin(0) cos(¢)) — sin(kp sin(f) cos(¢))]]
0 0
Use the integral expression for the Bessel function;
Jo(x) = (1/pi) [ dw cos(z sin(w) — nw)
0

Change variable by using w =7+t and let n =0

2

Jo(z) = (1/27) bf dt cos(xsin(t))

21

”of do sin(z cos(p)) = 0
Finally;
A = [(27C/R) sin(kz — wt)/R] Of dp p Jo(kp sin(9))
The integral can be evaluated using the Bessel recursion relations, or the generating function.

A= M%#%Jl(m sin(0))



9 Numerical evaluation of the Bessel function

The determination of the value of a Bessel function using the recursion relations is a fast
and efficient method. However, the recursive equation;

Jn1(z) = (2n/x) Jo(x) — Ty ()

is stable only upon downward interation. The Neumann function is stable upon upward
iteration. One can assume for starting values where n > 1 and n > x that;

Jop1 =0 and J, =€
where € is small and will be determined later. Use these starting values and recurse down-
ward to obtain all J,, for a specific . The Normalization (determination of € ) is obtained

from the Wronskian or it may be determined from the generating function with the value of
t=1.

To(2) +23 Jon() = 1

n=1

10 Hankel functions

The cylindrical Hankel function is defined as;
aY = J, +iN,
H? = J,—iN,

In the above, the superscript indicates the Hankel function type and is not a derivative.
The asymptotic forms for r — oo is extremely useful to satisfy traveling wave boundary
conditions. These were given earlier in this lecture. The asymptotic form for large argument
(v — oo through real values) are obtained using the above definition from;

() = =I5
N(2) = ——A=[F]™



11 Helmholtz equation in cylindrical coordinates

Helmholtz equation in cylindrical coordinates expressed in wave vector space is;

2 2
V4R = (U Bl gh)+ () 5E + ke = 0

The variables are;

z = pcos(p)
y = psin(e)
Z = Z

Apply the separation of variables, ¢ = J(p)®(¢)Z(z)

Substitution in the the pde and using separation of variables gives;

2
2
T2 — (B -4z

pdi)[pf[p]] + (82" —a?)J =0

The boundary condition that ¢ is single valued as ¢ — 2n7 reqiures that &« = m where m is
an integer. This results in the solution;

O — sin(mo); cos(mao)
Also we obtain;
Z = et w2 = (32— k2
Finally let x = Bp. The radial equation becomes;

Gl + (= (/)] = 0

When the self-adjoint form is expanded, one finds that the weighting factor for the orthog-
onality relation is p. This is Bessel’s equation with solutions;

r



The boundary conditions create a complete set of eigenfunctions. These are the cylindrical
Bessel functions. The orthogonality integral is;

Ofa pdp Ja(komp/a) Jam(kamp/&) = (@2/2)J02¢+1(kom) Onm

Note in the above that the order of the Bessel functions, o must be the same. Since the
Bessel functions are complete, any function for 0 < p < a can be expanded in an infinite
series of Bessel functions. The eigenvalues for a given « are labled by n and written an.

F(p) = il Aun T (kanp /)

2
———— | pdp F(p) Jo(kanp/a
a2‘]2+1(k0m) J ( ) ( / )

As with Fourier transforms, there are a set on integral transforms using the Bessel functions.
These are;

Aom =

;f pdp J(kp) Ju(K'p) = 3(k — k) /K

,:f kdk o (kp) J(kel) = 8(p — o)/p

12 Example

Consider the the problem of heat flow in a metal cylinder. The bottom and top are kept at
temperature 7' = 0 while the side is held at temperature, f(z), as shown in Figure 2.

The equation for steady state temperature is ontained as follows. Let () be the heat, and
experimentally one finds that the heat flow rate (energy flow) is given by;

Q/t = k(Ty —T1)s/L

In this equation, t is the time, k is the thermal conductivity, (7 — 77) is the temperature
difference across the surfaces, s, and L is the distance between the surfaces. Thus the heat
flow per unit time through a differential surface perpendicular to the surface, dx, is ;

_ _3dT
4= kda:

The heat flow per unit time into a unit volume is the divergence of the above, so that in 3-D
this becomes;

10



T(p, ¢, 0)

Figure 2: The problem of heat flow in a metal cylinder with side ketp at temperature, f(z)

Il _ 1o . o
pca—T—kV vT

9L — wv°T = 0
The first equation above expresses the specific heat (heat/(mass-Temp)). The second is the

diffusion equation. In steady state %—? = 0, so we wish to solve Laplaces equation.

VT =0

Since the boundary conditions are in cylindrical coordinates, we choose to separate the equa-
tion in this system. There is axmuthal symmetry, so the solution is independent of ¢. Look
for a solution of the form R(p) Z(z). The solutions are ;

2

2 _ 2z =0

R dr 2

&R 1/p)dR 2R = ¢
(/p)dp

dz*
d2
dp® +

Z = Asin(kz) + Bcos(kz)

Note that we need harmonic functions for Z which requires an imaginary component for k.
Thus replace k — ik. For the solution to vanish at z = 0, b choose k = n7 /b and use sin(kz)
above. The radial solution which is finite at p = 0 is Jy(ikp). Because of azmuthal symmetry

the order of the Bessel function is 0. The solution then has the form;

11



T = > A, Jo([imn/b]r) sin([nm/b]z)

Then to match the last boundary condition on the surface p = a the coefficients A,, are
obtained using completeness.

o0

f(z) = > = AnJo([inm/bla) ain([nr/b]z)

_ s b :
A, = 5o (inr Jla) ‘o[ dz f(z) sin([nm/b]z)

The Bessel function of inaginary argument is the modified Bessel function written as;
Jo(lin/b]p) — i'I([nm/blp)

For a different configuration of the boundary conditions choose the temperature on the cylin-
drical surface and the lower end cap to be zero. Choose the temperature on the upper end
cap to be f(p). Again the solution is azmiuthally symmetric, so the soluton is independent
of ¢. However, we choose to satisfy the boundary conditions when p = a by setting the
Bessel functions to equal zero at the surface. Thus;

Jo(k'CL) =0

The Bessel functions oscillate, passing through zero an infinite numner of times, although
these zero’s are not equally spaced as are the zeros of the harmonic functions. As previously
written, these are labled «,,, where v is the order of the Bessel function. In this case v = 0.
The solution for Z is no longer harmonic, and is not and eigenfunction. The solutions are
hyperbolic sine and cosines. To match the solution for z = 0 choose sinh(kz). Thus all
boundary conditions with the exception of the condition at z = b are satisfied by;

T = Y A, Jo(agnp/a) sinh(ag,z)
n=0

Use the orthogonality of the Bessel functions to satisfy the remaining boundary condition.

An = 72 sz’nh%a(mb 7o) fa pdp f(p) Jo(aonp/a)

0

C = Qa Jl(Oéon)

13 Green’s function

To obtain the Green’s function in cylindrical coordinates when applying the Dirichlet bound-
ary condition G = 0 suppose the geometry as shown in Figure 4. The solutions in this case

12
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Fic. 5.03 Bessel functions of the first kind, folz) and ().

Figure 3: An example of the Bessel function J; showing oscillation

are constructed from;

sin(kz) eime I,(kp)
{ cos(kz) ] { e~ ime ] { ko (kp) ]
In the above, I(kp) and K (kp) are the two cylindrical modified Bessel functions obtained by
inserting p — ip in J, and N,,. Note as pointed out in an earlier section we could have chosen
k to be imaginary which would have made the eigenfunction the solution of the equation for
p rather than that for the equation for z. In this later case, the solution involves ordinary

bessel functions with p as argument, and hyperbolic sine cosine functions with z as argument.

For the problem at hand, the eigenfunctions in the z direction satisfying the boundary con-
dition G =0 at z =0, L are;

sin(kz) k = nw/L

Expand the Green’s function in the complete set of eigenfunctions go that;
V3G = —4nd(r— 1)

The components of the Green’s function in ¢ and z are ;
sin([nm/L]z)sin([nmw/L]z")

. Y
6zm¢>6zm¢>

13
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Figure 4: The boundary condition for the Green’s function in a cylindrical coordinate system

Ignore the azimuthal dependence to simplify the development as this only adds an additional
component to the solution. Thus we consider a solution which has the form;

G = ?1 Ay sin([nm/L]z) sin([nm/L]z)g(p, p')

The problem is to solve for the § function in p. The solution is constructed from the two
linearly independent functions satisfying the Bessel equation (m = 0);

oh T g - [(nm/L)?)g = (1/Lm)d(p = p')/p

These solutions are the modified Bessel functions I,,,—o([n7/L]p) and K,,—o([n7/L]p). Choose
to find the solution when p < p’ in terms of Iy and when p > p’ in terms of K. As previously
make the solution continuous at p = p’ and match the discontinuity in the derivative at this
point. Therefore;

Ap/ Io([nm/L]p") = p Ko([nm/L]p")
ey )i B g R EO) ) — gy

Solve for the coefficients and substitute to obtain

G(r,7) = (4/L) 21 sin([nm/L]z) sin([nm/L)2")

14



Ko(lnm/L]p") Lo([nm/Llp) p < p/

G(r,7") = (4/L) §1 sin([nm/L]z) sin([nm/L)z")
Io([nm/Llp') Ko([nm/Llp) p > p/

14 Helmholtz equation in spherical coordinates

The Helmholtz equation when the time coordinate has been suppressed is ;
Vi) + k%) = 0

In the above, the value of k = w/v where w is the frequency of the wave and v is its velocity.
Separation of variables yields harmonic functions of the azimuthal angle, associated Legen-
dre functions of the polar angle, and a radial equation of the form;

zdR dR 2,2 _
e +2rigr+ B —l(I+ )R =0

The separation constant, [({+ 1), provides the order of the Legender polynomial. The above
equation is similar to Bessel’s equation and can be put into the form of Bessel’s equation by
the change of variable, R = f(r)/Vkr.

2
7‘2% —l—rCCZZR [k*r* — (I1+1/2)]R = 0

This is Bessel’s equation of order (n+ 1/2) whose solutions are given by the spherical Bessel
functions.

= 7/ (22) Jni1y2(2)
na(@) = /7] (20 Nos1/2(2)
hg)(x) = Jn+np
h? () = jn —iny,
Limiting Values for the spherical Bessel fns.

- : 2“71' "

() litmy g — _(22n”) (1/2)m1

15



) i,y — 20220 /2)

() litmy s — cos(x —nm/2)

i
i(zx—nm/2)
hl(z)lim, oo — —i%
—i(x—nm/2)
h2 (z) limg oo — 1&—F——

15 Energy levels of the Klein-Gordon equation
Suppose the relativistic wave equation for spin zero particles;
(pe)? + (M +W)? = E?
Use the momentum operator p — ihV. In the above, p is the momentum, W is the energy

of the potential well, E the relativistic energy, and M is the particle mass in energy units,
M¢c?. Substitution gives the wave equation;

—(ch)*V# + (M + W) = E*)

Then define;
k2 = EQ_(M+W)2
(ch)*
V3 + k*) =0

Attempt a solution in spherical coordinates using separation of variables, v = R(r)©(0)®(¢).
This results in eigenfunction equations for © and ®, with integral eigenvalues of m and [.

2(g) = =

In the above L}*(0) is an associated Legendre polynomial to be studied later. The radial
equation has the form;

2
r2G o opdlE g k2 — (14 DIR = 0
Make the substitution R(kr) = L\/l;_r) This results in the form of Bessel’s equation of half
r

16



integral order.

(k)20 4 (k) 7+ [(kr)? = (4 1/2)2)f = 0
The solutions are spherical Bessel functions, ji11/2(kr) and nyq1/2(kr). To simplify the so-
lution in what follows, choose a spherically symmetric solution, i.e. [ = 0 which also sets
m = 0. Then substitute p = kr and in the original radial equation, R(p) = U(p)/p. This
gives the equation;

U'+U =0

U = Csin(p)
where we choose to have the solution vanish as r — 0 in order for U(p)/p to remain finite.
Now choose ;

W:{—M Tga}
0 r>a

These boundary conditions will be set to reproduce those of a quark bound inside a hadronic
particle. Choose to subsume the factor hc into the energy which takes energy into inverse
units of length. The solutions are then;

U Asin(Er) r<a
| Be VMR g

Now make the solution continuous at r = a so;

B4 Sinb(jfa) NITE=E?

Also make the derivative continuous and substitute for the value of A found from the above
equation;

cos(Ea)/a — sin(Ea)/(Ea*) =
—V/M? — E?/(Ea) sin(Ea) — sin(Ea)/(Ea?)

Then take M — E so that we represent masless quarks for r less than radius a and allows
the quarks to be free with mass — oo for r > a. The eigenvalue equation takes the form;

Jo(Ea) = ji(Ea)
The energy levels are,

E, = w,/R

17



16 Mathematical Theory of Scattering

The propagation of a scalar wave in free space is given by;

2
Vi - (1Y

which for a specific frequency w is;
Vi) — (w/e)* v =0

with k& = w/c. The process of scattering is represented by the equation;
VA — (w/e)*¢ = U(7)

where U(7) represents a 3-D scattering potential. There is an incident plane wave in the z
direction which is a soluton to the wave equation far from the scattering center, U(r) — 0.

¢I — Aeikr

A time dependence of e ! is suppressed. This plane wave is scattered from the potential

U(r). Thus we expect a solution to the inhomogeneous wave equation, ¥g above with the
complete solution such that;

Yr = Y1 + s
The scattered solution must take the form;

g — lim,_o to f(0, @) e /r

The radial dependence in the above, e?*" /r, represents a spherically outgoing wave, as found

for the wave equation in spherical coordinates when U — 0. The solution v; is added to
satisfy the initial boundary conditions. The function, f(6, ¢) is the scattering amplitude and
the differential scattering cross section is given by;

96 =11
Substitute the above solution, 17 into the wave equation;
[V2+ BT = [V2+ K Jvs = Udr

Define £ = [V? + k?] to write;

18



Lipg = Uy = U + 1)g]
Formally write an inverse operator £~! to obtain the mathematical form;
Vs = ﬁ L7 (Ur)
This can be expanded to produce;
s = 1+ LA LULTU+---]L71UY;
This is the Born series with the first term, the Born approximation.
Vs ~ LTUY;
The Born series is a perturbation expansion which converges for small values of the scatter-
ing potential U. The solution is written in terms of the inverse operator £~ which actually

develops the Green’s function for the scattered wave. We return to this after discussing
Legnedre’s equation.
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