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1. Derivation of analytical expression of f{ 1), ()1 of two FRET states model

In this section, we derived the analytical expression of the probability density function of dwell time,
f(z), of the two-state model presented in Figure 1. First, we divided the kinetic model into high to low (Iu
to I, Figure S1) and low to high (/. to Iy, Figure S2) to solved for the fu.(z) and fun(z), respectively. In
each sub-model, the analytical expression of probability density functions f(z), average transition rate (z)*
(Section 1.1 and 1.2), and their relative populations Pi([S]) (Section 1.3) were solved by the single-
molecule rate equations.

1.1 Analytical expression of fu.(T), (Tuv) 1, Pes(t), Pe(t), Pes+(t) of high(Ix) to low(I.) model
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Figure S1. Proposed Iy to I, model. E: enzyme; ES*: intermediate; ES: interacting complex.
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To derive the fui(t) in the two-state kinetic model, we focused on the steps involve the transition
from E->ES and ES* > ES (Figure S1). The single-molecule rate equations for these steps are
dPgs(t) (S1)
Pra k3®Pg(t) + ko Pgs-(t)
dPg(t) (S2)
= k_1Pgs(t) — k1°Pg(t) — k3°Pg(t)

= ky°Pg(t) — k_1Pgg+(t) — koPgs:(t)
, Where the Pi(t)’s are the probabilities of finding the species (i = E, ES*, and ES) in the corresponding

states at time t. Note that k;° = k;[S] and k5° = k3[S]. Both k,°and k3° are treated as pseudo-first-order
rate constants.

dPgs-(t) (S3)

Transitioning from the I, to Iy state can occur either through the ES - E or ES - ES* pathways,
which gives two initial conditions: (1) initial species is E: Pg(0) = 1, Pes«(0) = 0, Pes(0) = 0; and (2) initial
species is ES*: Pg(0) = 0, Pes+(0) = 1, Pes(0) = 0. The probability function of time t, Pes(t), Pe(t), Pes(t),
can be obtained by solving the Eq S1 to S3 with initial conditions:

Inital condition 1: (1) t =0, Pe(0)1 = 1, Pes+(0)1 = 0, Pes(0)1 = 0.

Pg(t); = [;eBAt 4 [ e(B-A) (54)

, Where

2
A _ \/(k_1+k3o+k2+k10) —4(k30k_1+k2(k10+k30)) B _ —(k3°+k2+k10+k_1)
2 ’ 2 ’

Lh=—@A+B+ky+ky), = —-(A-B—ky—k_y),
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k,° (S5)
Pes: (£)1 = — - [e®HA0 — o]

1
Pes(D)1 = 1+ [(ks® + B~ A)e®B+N* — (ks® + B + A)eB~A1] (S6)

Initial condition 2: (2) t =0, Pg(0)2 = 0, Pes<(0)2 = 1, Pes(0)2. = 0.
(S7)

k_y _
PE(t)Z — ﬂ [e(B+A)t _ e(B A)t]

PES*(t)Z = Ize(B+A)t + Ile(B_A)t (38)

1
Pes(t)z = 1+ [(k; +B - A)eBHA _ (k, + B + A)eB=A1 (59)
The total probability function of each interacting species equals to:
Pi(t) = C1Pi(t)1+ CoPi(t)2 (i = E, ES*, or ES) (S10)

, Where Cyand C; are the probability coefficients for two different initial conditions. The Pi(t) can be further
simplified and summarized in Eq S11 to S13.

Pp(t) = J1 B4 JreB-AX (S11)
, Where
Jy = k_1k_p+2AI1k_3 J, = _ k_1k_p+24lk_3
L Ak ,+k_g) 72T 24(k_y+k_3) ’
Pgs(t) = M;e®B+HAE 4 M, e(B-A) (S12)
, Where
_ kq®k_3+2AI2k_, Mo = — kq%k_3+2A11 k_,
1 2A4(k_y+k_3) 2 24(k_y+k_3)
Pgs(t) = 1+ NyeBHAt — N, e(B-A) (S13)
, Where
N, = (B—A+ky)k_p+(B—A+ks)k_3 N, = (A+B+ky)k_p+(A+B+k3)k_3

rL IS the time needed to complete steps involving k:°, ks°, k.1, and k.. The probability of finding a
particular 7 is equal to the probability for the enzyme switch from E or ES* to the ES state betweent =1t
and 7 + At. Mathematically, this probability is equal to APes(z). In the limit of infinitesimal Az, the

probability density function of dwell time zui, fui(z), can be obtained from fu (7) = dPZ—i(T). Because of
the presence of two ES formation pathways, we can first derive the fu.(z);i for each pathway.

dPES(T)l _ (814)
fur(®)1 = —ar Q.e(B+AT 4 0, e(B-A)T
_ k3®(A+B+ky+k_1)+k,%k, _ k3© (A+B+k; O +k3%)—k; °k,
, Where Q; = 2 0, = o
dPgs(t s15
fin (@) = D2 g o g gl (s15)
,Where R, = kz(A+B+ky 2"':3 )+ks k—1’ R, = kz(A+B+k242-j:_1)—k3 k_1
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The analytical expression of overall probability density function fu (1) can be obtained as follows:

fur(@) = Cifu (M1 + Cofur(n); (S16)

Here, C; and C; are the coefficients representing the likelihoods of the initial species of E and ES*,
respectively. Since C; and C; include all possible ways to generate E and ES*, we can write C1+ C,=1.

The ratio of C; to C; is equal to the ratio of respective rate constant through path involved ks to path
k_s ke

involved k., as shown in Figure S2 (i.e., 2—: = :—:2). Therefore, we got C; = s T oy and
Eq S17.
fuL(@) = ﬁfm@h + %fm(ﬂz (517)
The fy1(7) was further simplified as
fuL(7) = DB 4 p,e(B-AX (S18)

Where D _ (ka(A+B+ky°+k3®)+ksk 1)k 5+ (k1 ko +k3° (A+B+ky+k_1))k_3
’ 1 2A(k_p+k_3) ’

_ (kp(A+Btk+k_1)—k3®k_1)k_p+(—k1°ko+k3®(A+B+k;®+k3°))k_3

B 2A(k_p+k_3)

With fy1.(t), we calculated the average transition time (z4.) through (zu.) = fow TfuL(t)dt. The
reciprocal of (zu.) gave the average transition rate, {(zr.), which is expressed as Eq S19:

D,

(T )1 = (k_g(k2+k_1+k1[S])+k_2(k_1+(k1+k3)[S]))_1 (S19)
HLZ = (k_a+k_3) (k1kp+k3(ko+k_1))[S]
(k—y + k_3)(kiky + k3(ky + k_1))[S]

" k_3(ky + k_1 + kq[SD) + k_3(k_1 + (kg + k3)ISD)

1.2 Analytical expression of fiu(T), (Tun)1, Pes(t), Pe(t), Pes+(t) of low(I) to high(/4) model
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Figure S2. Proposed I, to Iy model. E: enzyme; ES*: intermediate; ES: interacting complex.
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To derive the fun(t) in the two-state kinetic model, we focused on the steps involve the transition from
ES—>E and ES ->ES* (Figure S2). The single-molecule rate equations for these steps are

WSO e aPes(®) — koaPes(®) (520)
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AP (t) (S21)

7t = K-3Pes(t)
dPgs- () 22
D ko Pes®) 52

Here, the initial condition is: t = 0, Pg(0) = 0, Pes+(0) = 0, Pes(0) = 1. Thus, the probability function of time
t, Pes(t), Pe(t), Pes+(t), was obtained by solving the above Eq S20 to S22 with the initial condition:

k_3(1 — e~ (katk-3)t) (S23)
Pe() = kK, +k_s

Ppg(t) = e~ (katks)t (S24)

k_p(1 — e~ (k-atk=3)ty (S25)
Pes'(8) = ————

7LH IS the time needed to complete steps involving k-, and k.s. The probability of finding a particular
T is equal to the probability for the enzyme switch from ES to the E or ES* state betweent=t and t +
At. Mathematically, this probability is equal to APg(z) + APes+(z). In the limit of infinitesimal Az, the

probability density function of dwell time zu, fr(z), was obtained from fu (z) = &2 ;‘L'(T) n dP;iisT* 0}
dFe(0) | dPes S(26
fia(@) = 5(0) +—= © = (k_y + k_g)e~(k-2tk-3) (26)

dt dt

With f1.5(7), we calculated the average transition time (z 1) through (z.n) = f0°° Tfiy(t)dt. The reciprocal
of (zL1) gave the average transition rate, (z.n)t, which is expressed as Eq S27:

(mi=k_, +k_; (S27)

1.3 Analytical expression of Pgs([S]), Pe([S]),Pes<([S]) of two-state model
Subploplution of each interaction species (i.e., Pg, Pgs, Pgs+) is @ function of substrate concentration
and time, denoted as Pg([S], t), Pgs([S], t), Pgs+([S], t). The single-molecule rate equations for the two-
state kinetic model are:
dPg([S], 1) ) (528)
—ar k_1Pgs” ([S],t) + k_3Pgs([S], t)

— (k1 + k3)[S]Pe([S], ©)

s OO _ e 1S1PeCS] ) + k_aPes(IS1,0) = Gy + k) Pes’ (S10)

dP, S,
—Sfi& LD 1 SIPR(IST ©) + eoPrs™(IS] ) — (ks + k_)Pes((SL ) )

The boundary condition is that the sum of the relative subpopulations of all species is 1:
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Pg([S],t) + Pgs™ ([SI, ©) + Pes([S], 1) = 1 (31)

When t — oo, the system reaches equilibrium. The subpopulations of Pg([S],t), Pgs([S],t), Pgs-([S], t)
no longer change with t, and were simplified to Pg([S]), Pgs([S]), Pgs([S]). Eq S28to S31 at t — oo were
rewritten as:

k_1Pes”([SD + k_3Pes([S]) — (kq + k3)[S]Pe([S]) = O (S32)
k3[SIPe([SD) + k2 Pgs™ ([S]) — (k—3 + k_;) Pes([S]) = 0 (S33)
k1 [S1P([S]) + k_2Pes([S]) — (k—y1 + k2)Pgs™ ([S]) = 0 (S34)

Pg([SD) + Pes™([SD + Pes([SD = 1 (S35)

By solving Eq S32 to Eq S35, the relative population of each species is expressed in term of rate
constants and substrate concentration [S]:

Po([S]) = kpk_g+k_q(k_p+k_3) (S36)
E Ky (kg +(kq+k3)[SD+ksk_[S]H+ky (k—p+k_3)[SI+k_q (K_p +k_s+k3[S])
P *([SD — (k3k_z+kq(k_p+k_3))[S] (837)
ES kg (k_3+ (g +k3)[SD+kzk o [S]+kq (k_p +k_3)[SI+k_q (k_p+k_3+k3[S])
(kqky+ks(ky+k_1))[S] (838)
Pes([SD

T Yea Ut +(kytk3)[SD) sk [SI+ky (Ko +k—_3)[S]+k—1 (k—p+k_3+K3[S])

2. Computation cost for SMIS simulation and fittings

All simulations and fitting were performed on the commercially available desktop (CPU: Intel® Core™
i7-8700 CPU @ 3.20GHz 3.19 GHz, RAM: 32.0 GB, OS: Win 10 64 bit). For the five reaction species
associating with a three FRET level system (total eight rate constants), the time to generate one set of
simulated dwell-time distributions, average dwell time, and relative populations is around 1s. Regarding
the extraction of reaction rate constants using SMIS, the computation time will depend on the grid size of
choice. Using a grid size of 5 different values for each rate constant and the number of transition set to
100,000, it will take ~7 hr to obtain the %RSD and corresponding rate-constant distribution. For a four-
round optimization search, it will take ~28 hr.

3. SMIS validation for Michaelis-Menten model (other four conditions)

In this section, we validated the SMIS by comparing the simulation results with the analytical solutions
of the Michaelis-Menten model. Figure S3, Figure S4, and Figure S5 respectively shows the comparison
of the dwell-time distribution (Section 3.1), the average transition rates (Section 3.2), and relative
populations of each species (Section 3.3) between the analytical and simulated results. In all conditions,
the simulations (blue bar or circle) nicely overlap with the prediction (red line), suggesting the simulation
successfully reproduced the expected results.
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3.1 Validation of simulated fu.(7) and fiu(T) as a function of k

a
Condition |k, (iM™'s™) k; (s") = k, [S] K, (s") k,(UM"s™) K, (s")= k,[S] k,(s") k,(s") k,(s")| Physical situations
2 0.01 0.01 100 0 0 100 0 1 ES* existing as a transient complex
3 100 100 0.01 0 0 0.01 0 1 ES* existing as a stable complex
4 1 1 0.01 0 0 1 0 100 | ES existing as a transient complex
5 1 1 100 0 0 1 0 0.01 | ES existing as a stable complex
b c d e
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Figure S3. Comparisons between simulated (blue bar) and analytical (red line) f(z) for the Michaelis-Menten enzyme kinetic
model under condition 2-5. (a) Rate constants for the SMIS simulation and analytical solution of the Michaelis-Menten model.
(b-e) Simulation of the probability density function fuL(z) and fun(z) under condition 2 (b), condition 3 (c), condition 4 (d) and
condition 5 (e).

3.2 Validation of simulated (tuL)! and (tuu)! as a function of k
b
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Figure S4. Comparisons between simulated (blue circle) and analytical (red line) (z)* for the Michaelis-Menten enzyme
kinetic model under condition 2-5. (a-d) Simulation of the average transition rate (zvL)™ and {zLn)* under condition 2 (a),
condition 3 (b), condition 4 (c) and condition 5 (d).
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3.3 Validation of of simulated Py, ([S]) and P.u([S]) as a function of k
c

a b d
Condition 2 Condition 3 Condition 4 Condition 5
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Figure S5. Comparisons between simulated (blue circle) and analytical (red line) populations for the Michaelis-Menten
enzyme kinetic model under condition 2-5. (a-d) Simulation of the relative populations PuL and Pix under condition 2 (a),
condition 3 (b), condition 4 (c) and condition 5 (d).

4. SMIS validation using a kinetic model having five reaction species in 3 FRET levels

We extended the application of SMIS to the kinetic model with two intermediates in three FRET states
(Figure S6a) whose analytical solution is difficult to obtain. The kinetic model describes an enzyme
existing as one of the five interacting species (E, ES*, ES, ES,*, and ES;) where E and ES* associates with
the FRET high (l4) state; ES and ES,* with the middle (Im) state; and ES; with the low (I.) state. The
substrate S binds to the enzyme E to form the interacting complex ES through different intermediates ES*
and ES;* with the forward (ki, ko, ks, and ks) and reversed (k-1, k-3, k-5, and k.g) rate constants annotated. We
randomly selected a set of rate constants as specified in Figure S6b. The simulated PDFy.(z), PDF_n(7),
Pui, and Py under three substrate concentrations ([S] = 5, 20, and 60 uM), as shown in Figure S6c. To
search for the most probable rate constants, we applied the repeated bisection method to each rate-constant
histogram. Figure S6d shows the results for each rate constant after two searches. With this approach, we
extracted all rate constants that are in agreement with the inputs.
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Ka (s™ 8 6.2 2.6 9.9
ko1(s™ 0.2 0.0 0.0 9.4
ka(s™) 25 5.9 1.0 10.7
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Note: MPV: most probable value; LB: lower bound;
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Figure S6. SMIS validation using a kinetic model with five reaction species in 3 FRET levels. (a) The kinetic model describes
five interacting species (E, ES*, ES, ES2*, and ES2) associated with three FRET levels (In, Im, and I.). (b) Summary of input and
extracted rate constants obtained from SMIS. (c) SMIS simulation results of PDFum(z), PDFmL(z), PDFmH(z), PDFLM(7), and [S]
dependent population (Pum, Pmi, Pmn and Pum) under 3 substrate concentrations ([S] = 5, 20, and 60 uM). (d) Progression of
identifying correct rate constants. The yellow area highlights the screening range of k in each screening. Bluelines indicate the input
rate constants for the experimental data. Redlines show the most probable rate constant extracted from SMIS.



